
Limit Cycles [mln74]

Not all attractors in 2D phase flow are fixed points.
There exists exactly one other type of attractor: the limit cycle.

Example: Flow in (x, y)-plane with circular limit cycle.

Equations of motion in polar coordinates (r, θ):

ṙ = −αr(r −R), θ̇ = ω = const.

Periodic trajectory: r(t) = R = const., θ(t) = θ0 + ωt.

Linearized radial equation of motion for |r(t)−R| .= s� R:

ṡ = −αRs ⇒ s(t) = s0e
−αRt.

⇒ Periodic trajectory is an attractor (limit cycle).
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Note presence of fixed point at r = 0:

Cartesian coordinates: x = r cos θ, y = r sin θ.

Linear anlaysis of equations of motion predict spiral repellor:

ẋ = ṙ cos θ − rθ̇ sin θ = −α
(√

x2 + y2 −R
)
x− ωy,

ẏ = ṙ sin θ + rθ̇ cos θ = −α
(√

x2 + y2 −R
)
y + ωx,

⇒ A =

(
αR −ω
+ω αR

)
⇒ λ = αR± iω.


