
Point transformations [mln88]

Point transformations qi → Qi are invertible coordinate transformations in
configuration space.

Given a set of transformation relations between generalized coordinates:

qi = qi(Q1, . . . , Qn; t), i = 1, . . . , n.

Generalized velocities: q̇i(Q1, . . . , Qn; Q̇1, . . . , Q̇n; t) =
∑

j

∂qj

∂Qj

Q̇j +
∂qj

∂t
.

Transformed Lagrangian via substitution of transformation relations:

L̃(Q1, . . . , Qn; Q̇1, . . . , Q̇n; t) = L(q1, . . . , qn; q̇1, . . . , q̇n; t).

Invariance of Lagrange equations under point transformations [mex79]:

∂L

∂qi

− d

dt

∂L

∂q̇i

= 0 ⇔ ∂L̃
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∂L̃
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= 0.

Canonical momenta: pi
.
=

∂L

∂q̇i

, Pi
.
=

∂L̃

∂Q̇i

.

Relation between canonical momenta [mex80]: Pi =
∑

j

pj
∂qj

∂Qi

.

Relation between Hamiltonians [mex80]:

H̃(Q1, . . . , Qn, P1, . . . , Pn, t) = H(q1, . . . , qn, p1, . . . , pn, t)−
∑

j

pj
∂qj

∂t
.

Invariance of canonical equations under point transformations [mex82]:

q̇i =
∂H

∂pi

, ṗi = −∂H

∂qi

⇔ Q̇i =
∂H̃

∂Pi

, Ṗi = − ∂H̃

∂Qi

.


