
Torque-Free Motion of Symmetric Top [msl27]

Inertial coordinate system: (x′

1
, x′

2
, x′

3
) with origin at the center of mass.

Body coordinate system: (x1, x2, x3) with principal axes.
Principal moments of inertia: I1 = I2 ≡ I⊥ 6= I3.
The symmetry axis x3 is called figure axis. Its direction is ê3.

Calculation performed in body frame of reference.

Euler’s equations:
I⊥ω̇1 − (I⊥ − I3)ω2ω3 = 0

I⊥ω̇2 − (I3 − I⊥)ω3ω1 = 0

I3ω̇3 = 0

Invariant: ω̇3 = 0 ⇒ ω3 = const.

Linear ODEs: ω̇1 + Ωω2 = 0, ω̇2 − Ωω1 = 0; Ω ≡
I3 − I⊥

I⊥
ω3

Solution: ω1(t) = ω⊥ cos(Ωt), ω2(t) = ω⊥ sin(Ωt).

Angular velocity: ~ω = (ω1, ω2, ω3), ω⊥ =
√

ω2

1
+ ω2

2
, ω =

√

ω2

⊥
+ ω2

3
.

Angular momentum: L1 = I⊥ω1(t), L2 = I⊥ω2(t), L3 = I3ω3 = const.

Vectors L and ~ω precess uniformly and in phase about figure axis x3.

Motion can be described as L-cone rolling about ê3-cone:
• clockwise on the outside if I3 < I⊥,
• counterclockwise on the inside if I3 > I⊥.

View from inertial frame of reference.

Zero torque implies L =const.

Vectors ~ω and ê3 precess uniformly and in phase about vector L.

Motion can be described as ê3-cone rolling about L-cone:
• counterclockwise on the outside if I3 < I⊥,
• counterclockwise on the inside if I3 > I⊥.
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