
Poisson Brackets [msl30]
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where f(q1, . . . , qn, p1, . . . , pn), g(q1, . . . , qn, p1, . . . , pn) are arbitrary dynam-
ical variables expressed as functions of canonical coordinates.

Algebraic properties:

• {f, g} = −{g, f},
• {f, c} = 0 if c = const.,

• {f1 + f2, g} = {f1, g}+ {f2, g},
• {f1f2, g} = f1{f2, g}+ f2{f1, g},

• ∂
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• {qj, f} =
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∂pj
, {pj, f} = − ∂f

∂qj
.

Fundamental Poisson brackets: {qi, qj} = 0, {pi, pj} = 0, {qi, pj} = δij

Invariance under canonical transformations:

Qj = Qj(q1, . . . , qn, p1, . . . , pn), Pj = Pj(q1, . . . , qn, p1, . . . , pn)

⇒ {Qi, Qj}q,p = 0, {Pi, Pj}q,p = 0, {Qi, Pj}q,p = δij

Canonical equations: q̇i =
∂H

∂pi
= {qi, H}, ṗi = −∂H

∂qi
= {pi, H}.

Jacobi’s identity: {f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0

Poisson’s theorem:
d
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}
[mex191]

Integral of the motion:
df

dt
= {f,H} = 0.

If the functions f and g are integrals of the motion, then the function {f, g}
is also an integral of the motion.


