
[pex28] Persistence length of ideal polymer chain

Consider an ideal polymer divided into segments of microscopic or mesoscopic length. If s is the
distance between two segments along the chain then 〈cos θ(s)〉 is a convenient measure for the
mean directional change of the polymer over that distance. It is expected to be a monotonically
decreasing function between 〈cos θ(0)〉 = 1 and 〈cos θ(∞)〉 = 0.
(a) Show that if this measure satisfies the multiplicativity property,

〈cos θ(s+ s′)〉 = 〈cos θ(s)〉〈cos θ(s′)〉,

implying 〈sin θ(s)〉 = 0, then it must be an exponential function,

〈cos θ(s)〉 = e−s/lp . (1)

The persistent length lp characterizes the contour distance over which memory of the chain direction
is lost. In the synthetic polymer polystyrene the persistence length is estimated to be lp ' 1.0 −
1.4nm (about 4 to 5 links). In double-stranded DNA the estimate is lp ' 50nm (about 150 base
pairs).
(b) Thermal fluctuations are expected to affect the persistence length. Here we explore that
effect for the case of a stiff polymer with given bending stiffness in the face of thermally excited
harmonic vibrations. Introducing classical bending modes of energy ∆E = (1/2)∆sκ(∆θ/∆s)2,
where ∆θ/∆s is the curvature of a short segment and κ is the bending stiffness. Calculate the
mean-square bending angle at thermal equilibrium from the relation

〈(∆θ)2〉 = 2

∫ +∞

−∞
d(∆θ)(∆θ)2e−∆E/kBT

/∫ +∞

−∞
d(∆θ)e−∆E/kBT . (2)

The integration boundaries are set to ±∞ for convenience. Contributions from unphysically large
|θ| are strongly suppressed by the exponential weight factor. The factor 2 in the numerator accounts
for the fact that bending takes place in two planes perpendicular to the local chain direction.
Expand (1) for θ � 1 and s� l̃ to arrive at the relation 〈(∆θ)2〉 = 2∆s/lp. Substitute the result
of (2) to show that the persistent length has the following T -dependence:

lp =
κ

kBT
.

Conclusion: the persistent length is aided by bending stiffness and impeded by thermally excited
bending modes.

[adapted from Grosberg and Khokhlov 1994]
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