
Use of Cyclic Coordinates [mln84]

Lagrangian mechanics:

Lagrangian: L(q1, . . . , qn−1; q̇1, . . . , q̇n).

Cyclic coordinate qn: ⇒ ∂L

∂qn

= 0 ⇒ d

dt

∂L

∂q̇n

= 0.

Conserved quantity:
∂L

∂q̇n

.
= βn(q1, . . . , qn−1; q̇1, . . . , q̇n) = const.

Eliminate q̇n = q̇n(q1, . . . , qn−1; q̇1, . . . , q̇n−1; βn) as independent variable.

Do not substitute q̇n(q1, . . . , qn−1; q̇1, . . . , q̇n−1; βn) into Lagrangian.
Substitute q̇n(q1, . . . , qn−1; q̇1, . . . , q̇n−1; βn) into Routhian instead.

Routhian: R(q1, . . . , qn−1; q̇1, . . . , q̇n−1; βn) = L− βnq̇n.

Equations of motion:
∂R

∂qi

− d

dt

∂R

∂q̇i

= 0, i = 1, . . . , n− 1.

Supplement: qn(t) = −
∫

dt
∂R

∂βn

.

Hamiltonian mechanics:

Hamiltonian: H(q1, . . . , qn−1; p1, . . . , pn).

Cyclic coordinate qn: ⇒ ∂H

∂qn

= 0 ⇒ ṗn = 0.

Conserved quantity: pn
.
= αn = const.

Reduced Hamiltonian: H(q1, . . . , qn−1; p1, . . . , pn−1; αn).

Angular frequency: ωn
.
= q̇n(q1, . . . , qn−1; p1, . . . , pn−1; αn) =

∂H

∂αn

.

Equations of motion: q̇i =
∂H

∂pi

, ṗi = −∂H

∂qi

, i = 1, . . . , n− 1.

Supplement: qn(t) =

∫
dt ωn(t).


