
Driven Harmonic Oscillator II [mln29]

Equation of motion: ẍ+ 2βẋ+ ω2
0x = A(t).

Parameters: β
.
= γ/2m, ω0

.
=
√
k/m, A(t)

.
= F (t)/m.

Periodic driving force: F (t+ τ) = F (t).

Fourier series: A(t) =
1

2
a0 +

∞∑
n=1

[an cosnωt+ bn sinnωt] , ω =
2π

τ
.

Fourier coefficients: an =
2

τ

∫ τ

0

dtA(t) cosnωt, bn =
2

τ

∫ τ

0

dtA(t) sinnωt.

Linear response of system to periodic driving force:

x(t) =
a0

2ω2
0

+
∞∑
n=1

d(ωn) [an cos(ωnt+ δn) + bn sin(ωnt+ δn)] ,

ωn =
2πn

τ
, d(ωn) =

1√
(ω2

0 − ω2
n)2 + 4ω2

nβ
2
, δn = arctan

(
2ωnβ

ω2
0 − ω2

n

)
.

Aperiodic driving force: F (t) = mA(t) with

∫ +∞

−∞
dt |A(t)| <∞.

Fourier transform: x̃(ω) =

∫ +∞

−∞
dt eiωtx(t), Ã(ω) =

∫ +∞

−∞
dt eiωtA(t).

Inverse transform: x(t) =

∫ +∞

−∞

dω

2π
e−iωtx̃(ω), A(t) =

∫ +∞

−∞

dω

2π
e−iωtÃ(ω).

Fourier transformed equation of motion is algebraic (not differential):

ẍ+ 2βẋ+ ω2
0x = A(t) ⇒ − ω2x̃(ω)− 2iβωx̃(ω) + ω2

0x̃(ω) = Ã(ω).

Linear response of system to aperiodic driving force:

x̃(ω) =
Ã(ω)

ω2
0 − ω2 − 2iβω

⇒ x(t) =

∫ +∞

−∞

dω

2π
e−iωtx̃(ω).


