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10. Zwanzig-Mori Formalism
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Zwanzig’s kinetic equation: generalized master equation [nln29] [nex68§]

Projection operator method (Mori formalism) [nln31]

Kubo inner product [nln32]

Projection operators [nln33]

e First and second projections [nln34] [nln35]

e Continued-fraction representation of relaxation function [nln36]

e n-pole approximation [nln87]

e Relaxation function with uniform continued-fraction coefficients [nex69|
e Link to Green’s function formalism [nln8§]

e Structure function of harmonic oscillator [nex71], [nex72], [nex73]



Zwanzig-Mori formalism .

Beginnings:

Two phenomenological approaches for the dynamics of systems close to or at
thermal equilibrium:

> Phenomenological equations of motion for probability distributions (e.g.
master equation, Fokker-Planck equation).

> Phenomenological equations of motion for dynamical variables (e.g.
Langevin equation)

In these approaches, the focus is on selected degrees of freedom. All other
degrees of freedom are taken into account summarily in the form of ad-hoc
randomness.

Completions:

Microscopic foundations for these phenomenological approaches.

> Zwanzig (1960): Rigorous derivation of a generalized master equation
from first principles, i.e. from the Liouville equation.

> Mori (1965): Rigorous derivation of a generalized Langevin equation
from first principles, i.e. from the (quantum) Heisenberg equation or
the (classical) canonical equations.

The focus is again on selected degrees of freedom but here the effects of the
other degrees of freedom are taken into account on a basis that is exact and
amenable to systematic approximation.

Variants:

> Zwanzig’'s approach leads to a kinetic equation of a particular kind.
There exist alternative ways to derive kinetic equations from the Liou-
ville equations via systematic approximations (e.g. via BBGKY hier-
archy).

> Mori’s approach has been formulated in more than one rendition. The
version named projection operator formalism is most illuminating re-
garding the physical meaning of systematic approximations. The ver-
sion named recursion method is most readily amenable to computa-
tional applications.



Time Dependence of Expectation Values .

Quantum Hamiltonian system:

(A)y = Tr{p(0)A(t)} (Heisenberg representation)
— Tr{p O)BZHt/hA( —th/h} Tl"{@ th/hp(O)eth/ﬁA(O)}
= Tr{p(t)A(0)} (Schroedinger representation)

dA .

¢ — = 1LA = 1[7—[, A]  (Heisenberg equation)
dp A . .

¢ = = —1Lp = [7—[ p] (quantum Liouville equation)
~ 01

o L= ﬁ[H’ | (quantum Liouville operator)

e [, ]| (commutator)

Classical Hamiltonian system:

A)t:/an/dnpp(qla7Qnap177pn70)A(q1a7qnapl7apnat)

=/d”q/d”pp(ql,-~-,qn;p1,---,pn;t)A(ql,---,qn;pl,--~,pn;0)

dA
° = = — LA = —{H,A} (Hamilton equation)
% = —zﬁp ={H,A} (classical Liouville equation)
A OH 0 OH 0O
o [ ={H, (—— — ——) classical Liouville operator

e { , } (Poisson bracket)



Zwanzig’s method .

Consider classical phase-space density p(t) = p(q1,P1; G2, P25 - - - ; Gn, Pnj t)-
Distinguish system (g, p1) and heat bath (g2, pa; ... ; Gn, Pn)-
Probability density of system: p;(t) = Pp(t) via projection.
Probability density of heat bath: ps(t) = Qp(t), where Q =1 — P.

Implementation of projection:

p1 = Pp(q1,p1; 42,095 - - -5 Gns s 1) = Peq(G2, D25 - - 5 Gns P )0 (@1, P13 1),
where 0pe,/0t = —zf/peq =0 and

o(qi,p1;t) =/dQ2dpz--~dqndpnp(ql,p1;qQ,pz;---;qn,pn;t)-

Idempotency, Pp;(t) = pi(t), satisfied by construction.

Liouville equation, dp(t)/dt = —iLp(t), split into two coupled equations:

P2 o) = 2 pult) = —PE[pr (1) + pa(t)], 1)
Qarp(t) = £pa(t) = —QE[pn(0) + pa(t)]. )

Formal solution of (2) [nex68| to be substituted into (1):

A A t AL A A
palt) = () <1 [ dre W QLp(e - 7).
0

Zwanzig’s kinetic equation (generalized master equation):
A t R U
prid (t) = —2PLpy(t) — 1PLe "9 p,y(0) — / dr PLe @™ QLpy(t — 7).
0
#1 Autonomous part of system’s time evolution.

#2 Autonomous part of heat bath’s time evolution. Instantaneous effect
of heat bath on system at time t.

#3 Effect caused by system on heat bath at time t — 7 propagates in heat
bath and feeds back into system at time t¢.

First term often vanishes and second term (inhomogeneity) can be made zero
by judicious choice of initial conditions.

Zwanzig’s kinetic equation can be used as the starting point for the derivation
(via approximations) of a master equation or a Fokker-Planck equation.



[nex68] Zwanzig’s kinetic equation.
In the derivation of Zwanzig’s kinetic equation,

0

A A t A A AT A A
apl(t) = —iPLp,(t) — iPLe "t py(0) — / dr PLe " LTQLp, (t — 1),
0

from two projections of the Liouville equation,

00 _Op __pj y0p _ 02 _
P == =—iPLllo+p], Q5 =55 = —iQL[p1 +pa,

we postulate the formal solution

pa(t) = e Wpa(0) i [ dre @ Qlpi(t - 7).
0

Verify that (3) is a solution of (2). The derivation involves one integration by parts.

Solution:



Projection operator method ..

Goal: Determination of symmetrized time-correlation function (fluctuation
function) for a dynamical variable A(t) of a quantum or classical many-body
Hamiltonian system H in thermal equilibrium.

Fluctuation function (real, symmetric, normalized):

LAY (AJACD) (Al A)
)= "TUAy = A T (AA)

Dirac notation symbolizes inner product of choice as explained in [nln32].
Some properties of dynamic quantities depend on choice of inner product.

4).

Projection operator method determines relaxation function via systematic
approximation.

Relaxation function (via Laplace transform):!

e AeTA)
W)‘/o e Ay, T Ay <A

1
z+1L

Inverse Laplace transform,

Co(t) = L/calz e*eo(z),

C2m
involves integral along straight path from € — 200 to € + 100 for € > 0.

In practical applications, the (real, symmetric) spectral density is inferred
from the relaxation function as limit process,

o(w) = 21im R{co(e — w)},

and the fluctuation function via inverse Fourier transform,

T dw

Colt) = / & et @y (w).

o 2T

IThe last bracket is also known as a Green’s function.



Kubo inner product .

General properties of inner products:
o (A|B) = (B|A)", o (AIAB) = XMA|B),
o (AJA) = [|A]]> >0, o (A|B+C) = (A|B)+(A[C).

Kubo inner product for quantum system:*

B
(AB) = % /0 A\ (MM AT B,

where

(A) = %Tr{e_BHA}, Z = Tr{e "M}, f=——.

Alternative inner product for quantum systems:?

(A|B) = —(A'B + BAT).

1
2
Both inner products have the same classical limit:?

o1 n _
(A|B) = E/d qd"p e ?*9P) A(q, p) B(q, p).

Inner products of [nln31] employ...

1
> quantum Liouville operator: L = ﬁ[L’ ,

dA
Heisenberg equation of motion: i %[7—[, Al =LA,

"~ (OH O
> classical Liouville operator: L = {H, } =1 Z ( #
=1

dA
Hamilton’s equation of motion: i —{H, A} =LA

Designed to satisfy classical fluctuation-dissipation theorem in [nln39].
2Designed to satisfy quantum fluctuation-dissipation theorem in [nln39].
3Option for all inner products: subtract (AT)(B).



Projection operators ..

The relaxation function cy(z) is determined recursively by a succession of
subdivisions of the many-body dynamics into components that are treated
rigorously and a remainder that is treated phenomenologically. It is expected
that the remainder diminishes in importance as the number of rigorous com-
ponents is increased systematically.

The time evolution of the dynamical variable A(t) can be conceived as a
“pirouette” performed by the vector |A(t)) through the Hilbert space.

The subdivisions are implemented by a sequence of projections onto one-
dimensional Hilbert subspaces traversed by |A(t)).

Initial condition: |fy) = |A(0)) = |A).

Projection operators P, and Q, =1—F,, n=0,1,...,.
1

(fol fo)

Orthogonal direction:!

|f1) =Ll fo), (folfi) =0, Rlfi)=0, Qolf1)=1f1) — Folfi) = 1f1),

1
P1—’f1>m<f1!, Q=1-P.

The systematic generation of further orthogonal direction will be discussed
in the context of the recursion method.

Py = | fo) (fol, Py = Py, P} = P, PyQo = QoPy = 0.

Successive projections filter out particular aspects of the many-body dynam-
ics to be taken into account rigorously. The filters are applied in series. What
passes through n filters is the remainder to be treated phenomenologically.

The physical content of this process can be gleaned from the first two pro-
jections carried out in detail:

e First projection [nln33],

e Second projection [nln34].

1Unitary transformation e'** makes 2L A orthogonal to A, implying (A[+LA) = 0.



First projection .

Rewrite relaxation function from [nln31] with projection operators from [nln33]
and apply Dyson identity (X +Y)™! = X! - X7 1V(X +Y)~ 1!

1 1
<f0|f0>00(2’) = <f0 Iy f0> = <f0 =+ LBy +1LQy fo>
1 1
= (0l ) + (g | )

Simplify both terms:

‘<foé

[ ( )LQ +( )LQOLQ0+ }

Jo > = é<fo|fo>-

1
<f0 z—I—ZLQO WLy fo > <f0|f0 <f ' >: <f0 mzlz f0>co(z).
= co(z) = : 1 - :
" ol <f° -0, f0>

z 1 z
(0 szt ) = (o[- et g+ g o] )
1 1
= <f0 (—Z)LQomlL f0> = <f0 (—Z)LQomQOZL f0>

1
Z"—ZLl

- (1

Relaxation function after first projection expressed via memory function:

)

Memory function ¥ (z) of original problem, {L,|fy)}, can be reinterpreted as
the (as yet non-normalized) relaxation function of a new dynamical problem,

{Lh ‘f1>}

Projection operator Qg acts as filter on the Liouvillian L, absorbing that part
of dynamics dealt with explicitly in first projection. Explicit information
contained in normalization constant of ¥;(z2).

1>; ’fl) :Q0’f1> :QOZL‘fo% Ly = QoLQy.

1
z—l—zL

1 1
“C=TEe PP T T <f1

!Direct consequence of operator identity (X+Y)(X+Y)™! = X (X+Y) 1 4+Y(X+Y)"! =
1, here with X = z2+4+1LQo, Y =:1LP,.



Second projection .

Rewrite memory function from [nln34] with projection operators from [nln33]
and apply Dyson identity:

1 1
=) = (6| S| 1) = (Al | )
1 1 1
= (#irnalh) - e )
_1 1 (fol fo)
= ;<f1|f1> - <f1 mZLl f1> <f1\f1>21(2)’
where simplifications analogous to [nln34] are carried out.
SN (2) = 1 <f1|f1>/<fo|zfo> 7
VAT <f1 LG f1>
z 1
<f1 mlle f1> == <f1 (_Z>L1Q1mQ11L1 f1>
1
- <f2 Z+ZL2 f2>7

with [fo) = Quila|f1), L2 = Q1L:1Q1.

Memory function (first termination function) after second projection ex-
pressed via second termination function:

Ay 1 < 1 >
21(2) = —=———, 22(2)=+77% —
SRS R AT Pt
with continued-fraction coefficients Ay = (f1|f1)/{folfo)-
The n'" projection yields
JAVS) 1 < 1 >
Yin1(2) = — o7, 2a(2) = n n
1( ) Z+Zn(2) ( ) <fn—1|fn—1> f Z+ZLn f

with A,y = (fa-1|fa-1)/(fa-2|fa-2)
and |fn> = Qn—lZLn—1|fn—1>7 Ln - Qn—an—lQn—L



Continued-fraction representation .

Relaxation function after n successive projections:

1
CO(Z) = A,

zZ+ A,

Z+

z _|_ o

-+ L
2+ X, (2)
The explicit dynamical information extracted from the original many-body
system, {L,|fo)}, in the first n projections is contained in the continued-
fraction coefficients:

Ar, LA,

Each projection adds a layer of projection operators around the original
Liouvillian:

L, = anl t QOLQO T anl-
Expectation (somewhat naively):

e If n is sufficiently large, all distinctive spectral features of L will have
been filtered out and incorporated explicitly into the relaxation func-
tion via the A,.

e Whatever features of L still shine through the n filters are adequately
represented by a source of white noise.

e The memory function associated with white noise is a constant, com-
monly represented by a relaxation time:

1
Ya(z) = —= const.
n

e This completion of the continued fraction is known under the name
n-pole approximation. The relaxation function is characterized by n
poles in the complex frequency plane.

Options used in practical applications:

e A number of continued-fraction coefficients are determined on phe-
nomenological grounds along with a terminating relaxation time 7,.
Examples: classical relaxator (1 pole), classical oscillator (two poles).

e A number of continued-fraction coefficients are calculated from the orig-
inal many-body system via the recursion method along with a termi-
nation function ¥, (z) inferred from an extrapolation scheme.



n-Pole Approximation .

Relaxation function after n successive projections (Mori formalism [nln36])
or n iterations (recursion method [nln84)),

1
colz) = , 1
0(2) A (1)
z+ A
zZ + 2
Z+...
+ An—l
1
zZ+ —
Tn

has termination function represented by a relaxation time 7,:

Consequences:

e Singularity structure of ¢y(z) reduced to n poles in complex z-plane.

e Frequency moments My, = (w?) divergent for k > n.

Limiting cases:

® 7, — OQ:
All poles approach w-axis: z = € — 1w with € — 0.
Spectral density ®g(w) is a sum of J-functions.

o7, — 0
o L Apq 1
Transition to (n — 1)-pole approximation: — .
2+ 1/1,  Tha

[ustrations for n =1, 2, 3:

1

e relaxation function: ¢o(z) = T
2 2

e memory function: X(z),

e spectral density: $g(w) = QIir% Re [co(€ — w)].
€E—



1-pole spectral approximation

Memory function representing white noise:

1
¥(z) = — = const.
T1
Relaxation function:
( ) 1 1
Col2) = =
1 mz+1
zZ+ — 12+
1
Spectral density:
27'1
Oy(w) = .
o(w) 1+ 78w?
5.0
4.04 ‘T1=2.0
—~ 3.04
3
OO 2.0
1.0
p—" \
00— +——7 A ———]
5 1
~1.04—— — T T
-3.0 -2.0 -1.0 0.0 1.0 2.0




2-pole spectral approximation

Memory function representing classical relaxator:

Relaxation function:
ToZ + 1

T222 “+ z + Ang'

co(z) =

Spectral density:

P w 2A1TQ
o(w) = = .
T3 (A — w?)? + w?
S 30— —
A, =10
— = N\
601 (a) 4,=10 (b) b
1'2-:0.3 1'2—1.0
2.0-
3 4.0 B \
= -
= =
1.0
2.0
B . =
0.0 7 T T T 0.0+ T —T
J, |
o c
[} o
7 —1.6 7 —1.6
[N (=%
[+ o
-3.2 T ST, T T =3. 24— T .
-30 -20 -1.0 0.0 1.0 20 30 -30 -20 -10 0.0 1.0 20 30
w w



3-pole spectral approximation

Memory function representing damped classical oscillator:

Ay
A,
1

Z4 —
T3

X(z2) =
z+

Relaxation function:

7'32’2 + 2+ A2T3

co(z) = :
’7'323 + 22 + (Al + A2)7'3Z + Al
Spectral density:
P (w) o 2A1A27’3
0 — .
[Tsw(w? — Ay — Ag)]2 + (w? — A)?
4.0 4.0
(a) (b)

3.0 3.0
5 3
:o 2.0 :o 2.0

1.0 1.0

0.0 T T 0.0 T T

\ Y
5 3
= -0.5- Z 0.5
5 &
I
-1.0 T T T -1.0 T T —T T
-3.0 -2.0 -1.0 0.0 1.0 2.0 3.0 -3.0 -2.0 -1.0 0.0 1.0 2.0 3.0
w w



[nex69] Relaxation function with uniform continued-fraction coefficients.

Find closed-form expressions for the relaxation function ¢g(z), the spectral density ®q(w), and
the fluctuation function Cy(t), of some physical system if we know that the (infinite) sequence of
continued-fraction coefficients is

(a) uniform: Ay = Ay = ... = Jwg,

(b) almost uniform: Ay = 1w3, Ay =As... = 1.

Solution:



Link to Green’s Function Formalism s

Retarded Green’s function (two varieties):'?3

Galt =) = (A(t); BIt"))™ = =a8(t — ) ([A(t), B(t')]). (1)
Equations of motion are hierarchical in nature:

0

1 (AW BIE))™ = o(t = ¢)([A, Bls) + ([A(1), H]; B (2)

Frequency-dependent Green’s functions via Fourier transform:

Galw) = (4:B)% = [ e Gt), (3)
WA BYE = (A, Bly) + (1A H]_; B)Z. (4)

Spectral representations relate the Green’s functions G4 (¢) to the functions
S(w), ®(w), and x"(w) as defined in [nln39]:

G.(Q) = /+OO g—:ﬁ—wl[l +e 7, (=w+rwe, €>0, (5a)

—00

T diw @ (@) T diw " (@)
G =2 ——, G_(() = — 5b
wo=2f FEE co-2f FXEL @
Inverse relations:
e O(w)=— lir% Im[G(w+1€)] (spectral density)
€E—>
o \'(w)=— lir% Im[G_(w +1€)] (dissipation function)
€—>
@ "
e S(w)= 20 _|_(‘:zﬁw) — 2(1X_(:—)5w) (structure function)
Relation to relaxation function for :«{ = —z (see [nln31] and [nln84)):
> D(t T dw @
co(z) = / dtela~—> = NL/ dw () = G1(0).
0 ®(0) @(0) - 27C—w  29(0)
I'Here we set h = 1 as is common practice.
2The bracket [, ]_ stands for commutators and the bracket [, ] for anticommutators.

30ne variety coincides with Kubo’s response function from [nIn27]: G_(t) = —xap(t).



[nex71] Structure function of harmonic oscillator I.

Consider the quantum harmonic oscillator (for i = 1),

2
1 1

H= 2pim + §mw3q2 = wy (aTaJr 2) ,
where ¢ = (al + a)/v/2mwo, p = iy/mwo/2(a’ — a) relate the position and momentum operators
([g,p] = i) to the boson creation and annihilation operators ([a,al] = 1).
Use the recursion method with inner product (4|B) = 1((AB) + (BA)) to calculate the structure
function Sy, (w) for the position variable at temperature T, where (afa) =np = (e#* —1)71, B =
1/kpT.

Solution:



[nex72] Structure function of harmonic oscillator II.

Consider the classical harmonic oscillator,

2
p Lo o
H = om + Qmwoq?
Use the recursion method with inner product (A|B) = (AB) to calculate the structure function
Sqq(w) for the position variable at temperature T', where (p?)/2m = fmw3(¢*) = 1kpT, according

to the equipartition theorem.

Solution:



[nex73] Structure function of harmonic oscillator III.

Consider the quantum harmonic oscillator (for i = 1),

2
1 1
i = 2pm + §mw§q2 0 (aTa - 2) 7

where ¢ = (al + a)/v/2mwo, p = iy/mwo/2(a’ — a) relate the position and momentum operators
([g,p] = i) to the boson creation and annihilation operators ([a,al] = 1).
Solve the equation of motion

C({A; B)E = (1A, Ble) + (([A, H]: B)){

for (a) the Green’s function ((¢; ¢)); and (b) the Green’s function ((g; q>><+ Infer from each Green’s
function the structure function Sy, (w) for the position variable at temperature T'.

Solution:
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