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e Linear array of cells with volume V¢

e Onesizeofrods: oV.,0 =1,2,3,...

e Occupation numbers: no = ny =niqy =n17 =1

e Hardcore exclusion interaction: ng = ng =0, ...

e Interaction potential: V;;

e External potential: U;

e Open system: number of rods controlled by chemical potential
e Continuum limit: 0 — o0, V. — 0
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€2(X) =2p(X)\V:+ @, g4(X") =4p(X)Ve + @y

e Linear array of cells and rods of one size as before.

e Vacancies of variable size mV.,m = 1,2, ... between rods.

e Population densities of vacancies at (mesoscopic) position z: Ny, (x)
e Closed system: number of rods fixed at IV,

e Activation energy of vacancies: €, (x) = mVep(x) + ém

e Hardcore repulsion accounted for naturally

e Interaction potential V;; contained in ¢,

e External potential /; contained in p(x)
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e Hamiltonian: H(ni,...,nL) = > Vijnin; + > Uin;
i< P

e Densities and correlators: p; = (n;), Ci; = (nin;) = fi; {px})

e Free-energy functional: F[p1,...,pr] independent of I4;

L
e Grand potential: Q[p1,...,pr] = Flp1,...,pL] + Z(Ui — W)p;
i=1

Y :
Q[pl,...,pL]ZO, ’LZl,...,L

Pi

e Extremum condition:

i
e Cell occupancy (mass density): p; = Z Di :
j=i—o+1 '

| Pi-2
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k=s—¢& t=s—&+o j=s—& j=s—¢&
s s s—1
¢3(0713):p3_ Z C’i,j) ¢S(]—’La]~ )_ 1,79 &() . Z - Z

1=7+4+o0




Statistically interacting vacancy particles: compacts of size mV;

:m/ > m

L : : : 1
Specifications for combinatorial analysis: A, = N — 1, g,/ = { )
0O :m <m

Activation energies: €, (p) = mVep + ¢, With p = p(x)

Statistical mechanical analysis yields B, (T, p) = Z m! [Bem (p)]ke_ﬁem(p)
m=0

Free-energy density: 3G(T,p) = —In (1 + Boo (T, p))

¢ Lo o Buo(Typ)
Density of vacant cells: Ny = >~ mN, = 2100 °,P)
o
Density of occupied cells: p = _
y Y p=- v
Local pressure from differential relation V.dp = —pdiA
: . P dp’
Separation of variables: V. / — =U(zo) —U(x)
po P(P')
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Gravitational potential: U/(z) = — gz
(o}

Mesoscopic length scale: zs = N; Vi, Vi=o0cV., Ny >1

Pressure at z = 0: ps = Nymyg (independent of T)

: . . kgT
Scaled variables: z = i, p = £, 7= B
Zs Ps psVr
B —1
Density of vacant cells: N, = [exp ( A) — 1]
ol
exp (UZ;) —1
Mass density: p = -
exp %) —1+ %
P dp “D(p =1\ ep/oT 1 7
Pressure profile from VC/ p = —mgz. exp <(0 )(Ap )> ° — e 2/T
. . . p/T . N
Continuum limit from o — oo, Ve — 0: p = p—1+TInp =2

p/T+1
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pressure profile density profile

e o = 2 (solid curves)
e 0 = oo (dashed curves)

o Atmospheric pressure for 7' >> 1: p~» e /7

e Hydrostatic pressure for 7" — 0: p~» (1 — 2)0(1 — 2)
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Hardcore interaction and external potential:

ﬂF:i{Pilnpi‘F(l— EZ: Pj)ln(l— i: pﬂ')_(l_ S pj)ln(l_ g:l pj)}

i=1 j=i—o+1 j=i—o+1 j=i—o+1 j=i—o+1

. . —1

1+o—2 k 1+o—1 k
e—ﬁ(ui—ﬂ) = p; H 1 — Z D H 1 — Z Dj X C — e@“) )\Z — e_ﬁui

k=1 j=k—oc+42 k=1 j=k—o+1
Caseso =1, 2, 3:
Di 1
o (\; = = p;=1—
A=, TP 1+
(1 — p, mes 1 __ pmes 1 1
° C)\q, — p’b( pZ) ~ pq, ( mzzz,s 2) :> p?es — |:1 . :|
(1 —=pi—1—pi) (1 —p;i —Pit1) (1 —2pines) 2 VAEPY
o (N = pi(l —pi—1 —pi)(1 — pi — pit1) _pPes(1 = 2pes)?
;=

(1 =pi—2 =pi—1 = pi)(1 =pi—1 —pi —Pit1)(1 = pi = pit1 —pi+2) (1 —3pj*®)3
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e Gravitational potential: U; = mrgz;, z; =iV

e Mesoscopic resolution: p; 541 = ... =piro_1 = p;
e Two methods agree on mesoscopic length scale:
p B A R .
e () o (2= D@D\ T -1 g
P i L 7 Y2
exp | —= ) — 1+ =
—1
/7 1 (o — )pp=s]”
—2; /T __ , mes [ 7 mes __ mes
o (e = D; [1 — o_pgnes} o v Py = 0D
VP _ omes jf - — (c—1)/cT (,1/cT _ 1
o p =pieif (=e (e )

e Microscopic resolution for o = 1:
no additional structures,
solid lines: (Ny) > 1,
circles: (Ny) =10




e Microscopic resolution for o = 2:

e Recursion relation: p;41 =1—p; —
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e Vacancy particles: €, (p) = pVe +u, wu > 0 (attractive), u < 0 (repulsive)
_ eﬁ/GT U

e Density of vacant cells: Ny, = —— — . U=

(e#/oT — 1) [e®/T (ep/oT — 1) +1] psVe
a(eﬁ/"T — 1) [eﬂ/T (eﬁ/GT — 1) + 1}

o(eﬁ/"T — 1) [eﬁ/T(eﬁ/UT — 1) + 1] 4+ ep/oT

A 1 a/T 1/O'T_1 p/oT __ .

e Pressure profile: exp (p . ) re (¢ ) € _ 1 —2/T

T 1_|_eu/T(ep/aT_1) el/aT_l

e Resultsfor « =0, — 0.5, 1, —5

e Density of occupied cells: p =

1.0 1.0
f i (b)
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e Free energy functional with v, = —a/T:

i i
5F[P1,---,PL]:Z 1 — Z pj |In|1-— Z p;j +Ci—s

=1 j=t1—o0o j=t1—o0o

_|_

piln(p; — Ci—6i) + Pi—o In (pi—o — Ci—0s,i)

1—1 1—1
—Di—0c lnpi—a_ 1— Z Py In {1~ Z Dy

j=1—0O j=t1—o0O

Ai — \/Af —4eVe(e Ve — 1)pi—opi iy
Ci—oi = , Ai=14+e "“(pi—o +pi) —
, Se 1) +e " (pi—o + pi) ;pk

L
e Grand potential: Q[p1,...,pr] = Flp1,...,p] + Z(L{i — W)p;
i=1

. )
e Extremum condition:

Qlpi,...,pL] =0, i=1,...,L

op;

(1)




e Take o =1 and consider limits v. = 0 and v = 400

e Implementing extremum condition yelds

Ce—BUi — 1 —pillps — Ci1,i]lpi — Cliita]
pi[l =pi—1 —pi + Ci—1,4][1 = pi = Pit1 + Ciit]

A; — \/Af —4n(n + 1)pi—1p;
2n

Ci—1, = , Ai=14+npi—1+pi), n=e ¢ -1

e v. = 0: Rods of size o = 1 with hardcore repulsion only

Ce—ﬁui _ _bi

Ciit1 = DiDPit1,
1 —p;

e v. = +oo. Rods of size o = 2 with hardcore repulsion only

pi(1 — ;)

Ciit1 =0, (e PUi =

(1—=pi—1 —pi)(1 —pi — pit1)
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Trap potential: U(z) = -z , a>0 1.5 a=0.5,1, 2, 1
xo :
o L
=2 1.0
- :
) 0.5
e oo 2 or) ! |
Mass density: p = - 0.0
exp(f;)—1+g ~15-1.0-05 0.0 05 1.0 1.5
X/Xo
. —1 D — D ﬁ/a'f’ —1 e
Pressure profile: exp ((0 )(23 pT)) eA R — e 121%/T
ol epr/oT _ 1
Scaled variables: z = i, pr = pr
Ls Ps
1 s |
Reference values: zs = —NyoV., psVe =ug|—
2 o
4+ o0
Pressure pr at z =0 from —/ dzp(x) = Ny
C — OO
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A~

o p/T _ 1
e Simplified expressionsfor c =1:. p=1-— e P/T eA n =e
epT/T —1

—|2|*/T

e Resultsfor a« = 1/2 (dashed curves) and « = 2 (solid curves)

e Pressureat z =0 from T'(1/a+1)f/q (eﬁT/T — 1) T/ — 4

o0 dr xn—l

z—ler 1

1
e Fermi-Dirac function: f,(z) = m/
n) Jo
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e One-parameter recursion relation:
po(1 — po) pi(1 — pi) .
p1=1—po — , Pit1=1—p; — ., 1=2,3,...
\/ GAo z (= pi — pic1)

10 12 1

8




i

i ED
|_|_|J_.|'_".|Iﬂ-d_ R

0.6,
0.5
0.4

0.3
0.2
0.1

0% 6 8 0214 %% 24 6 8 1012 14
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e Narrow box: effects of two walls — numerical analysis (e)
e Wide box: effects of one wall — exact analysis (o)

1 1 _ [ Pmes ! i =0,1,2 i =10 —j
p] 2pmes pmes_2 ) J b R A J

1
In(2/pmes — 1)

e Boundary coherence length: & =

0.7, e 1.0 o
g:: Prmes= 0.7E Z-:Pmes— 81 08 Pmes
0.4, N 0.6
%03 “o04 “04
g:i 0.2 02,
0.0 004 00
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Pi—o+2
epii=1- 3> p-22 I - X e /- X w
Jj=t—o+2 k=1—o+2 j=k—o+2 j=k—oc+1
—1
_ 1—(oc—1 7 1
e Fugacity: ¢ = 'pmes[ ( )pfes] 0 0 < Pmes < —
[1 - Upmes] o
e Boundary conditions: p; = 0 and lim p; = pmes = 2
11— 00 o
0.6 0.6
0.5’ pmes= 0.125 0.5* pmes= 0.15
0.4 =5 0.4 o=5
0.3 0.3
0.2 0.2
0.1 0.1
00 00
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: . Ci—1 , -
Continuum limit: Vo - 0, 0 »o0; 0<a;=——<1,i=1,...,0—1; op; — p(x)

o
e 0<x<1l: p(xr)=se %, siﬂ, ¢ = se’
1 — pmes
! . p()
e x>1: h(x)=_exp (—/ dx'h(z’ ), h(xz) = [Percus 1976]
( ) N ( ) ( ) 1 — f;:U-Fl d:c’ﬁ(:c’)
e Solution: p(z) = p(x — m) Z —'(:c —k)rem(m=k)s <z <m41
P k!
1.0
1.4
0.8 Pmes= 0.5 1'25 Pmes= 0.7
i 1.0
0.6 :
QL : zQ.087
0.4 0.6
i 0.4
0.2 :
: 0.2
T e e T - S




Transformation proposed by Vanderlick, Scriven, and Davis 1986:

[ r) = (X — i 33" 33" xr) — 25(33) X
M= p( /a:—ld " )>’ " 1— [T datp(x’) !
/ o - . d (p(x)
 W(@) = ha)[ho = 1) = h(@)], oo+ 1) = 5(o) - 7o (25)
e 0<x<1: h(w—l)zO#h(w):x_Flc_l, p(x) =se %, (= se’
bz +m) _ - 8" (m—k)s
.j%:§g(w+m_k)ke( k), 0<zx<1
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Long-range interactions

e Vacancy particles: V;; # 0 restricted to first-neighbor rods

e Density functionals: V;; # 0 restrictedto |t — j| < o

e Symmetric cluster with equivalent-neighbor interaction:

2 2 . - .
Vr,;j = Gmrxij — Z/{Z = Gmr E CBij, ZUZ'j = |Z — ]|‘/c
171<14]

L[ O Oy 0 [ [

—k - -]
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Higher dimensions

e D=2and o =1

e Cells of area V.. and different shapes

e Hardcore exclusion interaction only.

e Equivalent results for cells of any shape
e Select cells with special symmetry

e Add potential U(y) or U(r)
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)
2
G1mir;;

V?lj = 4 Ggm% lnrij

—Ggm?ri_jl
: . N, V.D
T = 0: solid cluster with 7P = ~—=°
Ap
e p(7)=6(1—7)
o H(7) =177
o U(R) =72 :0<#<1
2% — 1 D=1,
UF)={ 2Inf+1 : D=2,
3 2/f D=3,
0 A e
0 1 2 3
f



Analysis for T" > O:

+2D(1— e P/T)

dp my GpAp m7 T D=1
° 5 — ig(r)p(r) - = TD_l ‘/(;2 p(’r) 0 dr'r p(’r )
: . D—-1 1 -2 2D
e density profile from p” + =o' — —— =P ()2 1
7 p(1 —p)
. D—1 h')?
e pressure profile from p”" + ——p' — — (ApA)
r T(ep/T —1
Second boundary condition:
o (©.)
e D ditP lp(#) =1, 2D(D —1) di #2P73p(7) = 1
0 0

2

2

p'(0) =0

0,

p'(0)=0




7 D_1, ’\ 2 2
For 7> 1 we assume p(7) < 1: pp+ - p——<p> —|—%p:0

A 1 7
e D=1 p(Flas = % sech? (%>

_ \/ a/T 1 A
e D=2 p(f)~7 2[1+V/1+2 /T], a=— (atlow 7T)

2T

For 7> 1 we drop last term in asymptotic ODE:

e D=1: pr~ae

e D=2 p~ar?

. p dp’ Gpmym: [T dr
For T 1 w in = Mt: ==
or T« 1 we set miy, = m /po | — e—#'Ve/kpT Ve /7, D1
e D=1 p(f)ap =~ e 20°=D/T

2/T

>

e D=3 p(f)ap =~ e=2(1=1/7)/T
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e Interacting hard rods: distribution of microstates and density functional.
J. Chem. Phys. 139, 054113 (2013).

e Statistically interacting vacancy particles.
Phys. Rev. E 89, 012157 (2014).

e Interacting hard rods in heterogeneous environment.
(Manuscript in preparation).

e Polydisperse hard rods in discrete and continuous media.
(Work in progress).

e Bethe ansatz for driven hard rods.
(Work in progress).
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Generalized Pauli principle  [Haldane 1991]

How is the number of states accessible to one particle of species m affected
if particles (of any species m') are added?

Adpy, = — ngm’ ANm/ = dm = Am — ngm’ (Nm’ — 5mm’)

Energy and multiplicity of many-body states

::]:

M
E({Nm}) = Bpv + Y Noem,  W({Nm}) = ( ot M )
m=1 m=1 Nm

7

['(dm —|— Nm)
['(Nem + DI'(dm)

e [I,,: energy of reference state

e N,,. number of particles from species m

e c.,. particle activation energies

9mm/ - Statistical interaction coefficients

e A,,. capacity constants

e d,,: number of open slots for a particle of species m
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System specifications Two tasks :

e particle energies em e combinatorial problem: W ({Nn})

e statistical interaction coefficients g,/ e extremum problem: §(U —T'S — pN) =0

e capacity constants A,,
1+ wpm \ A
Partition function [Wu 1994]: Z = Z W({ N e PEANmY) — H ( Tw )

{Npm} m N
M g,
eem/k’BT:(l—l—wm) H (1—|—w;&}) ™ o om=1,..., M.
m’/=1

Average number of particles : wm (Nm) + > gmm/ (Np/) = Am, m=1,...,M

m/

Configurational entropy [Isakov 1994]:

M
SUNm}) =ks > [(Nm + Yn) In (Ny + Yin) = Ny In Ny, — Yo In Ym]

m=1

M
Ym = Am — Z gmm’Nm’
=1
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