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Fingerprints

Thermodynamic propertiess of quantum gases depend on ...

(1) dimensionality and environment
◦ energy-momentum relation
◦ density of 1-particle states
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Fingerprints

Thermodynamic propertiess of quantum gases depend on ...

(1) dimensionality and environment
◦ energy-momentum relation
◦ density of 1-particle states

(2) symmetry and statistics
◦ capacity for particles in 1-particle states
◦ occupancies in thermal equilibrium

(3) interaction
◦ perturbation, mean field ⇒ modify (1)
◦ statistical interaction ⇒ modify (1) and (2)

26/3/2014 [tqg25 – 2/33]



Statistical Interaction

Generalized Pauli principle [Haldane 1991]

• Exclusion statistics:

How does the number of states accessible to a particle depend on the number of particles of
the same species already present?

∆di = −gi∆ni ⇒ di = Ai − gi(ni − 1).

Coefficient of exclusion statistics: gi = 0 (bosons), gi = 1 (fermions).
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Statistical Interaction

Generalized Pauli principle [Haldane 1991]

• Exclusion statistics:

How does the number of states accessible to a particle depend on the number of particles of
the same species already present?

∆di = −gi∆ni ⇒ di = Ai − gi(ni − 1).

Coefficient of exclusion statistics: gi = 0 (bosons), gi = 1 (fermions).

• Statistical interaction:

How is the number of states accessible to one particle of species i affected
if other particles (of any species j) are added?

∆di = −
X

j

gij∆nj ⇒ di = Ai −
X

j

gij(nj − δij),

gij : statistical interaction coefficients, Ai: statistical capacity constants.
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Thermodynamics with Statistical Interaction

Specifications of quantum many-body system:

• bare 1-particle energies: ǫi,

• statistical interaction: Ai, gij .

Tasks [Wu 1994]:

• combinatorial problem: W =
Y

i

 

di + ni − 1

ni

!

, di = Ai −
X

j

gij(nj − δij).

• extremum problem: δ(U − TS − µN ) = 0.
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Thermodynamics with Statistical Interaction

Specifications of quantum many-body system:

• bare 1-particle energies: ǫi,

• statistical interaction: Ai, gij .

Tasks [Wu 1994]:

• combinatorial problem: W =
Y

i

 

di + ni − 1

ni

!

, di = Ai −
X

j

gij(nj − δij).

• extremum problem: δ(U − TS − µN ) = 0.

Grand potential: Ω = −kBT
X

i

ln

»

1 + wi

wi

–

with wi from

ǫi − µ

kBT
= ln(1 + wi) −

X

j

gji ln

„

1 + wi

wi

«

.

Occupancies 〈ni〉 from:
X

j

(δijwj + gij) 〈nj〉 = Ai.
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Statistically Interacting Quantum Gas

Nonrelativistic quantum gas in a rigid box of dimensionality D and volume V = LD.

Specifications:

• Energy-momentum relation: ǫ0(k) = |k2|.
• Statistical interaction: g(k − k

′).

Grand potential: Ω(T, V, µ) = −kBT

„

L

2π

«D Z

dDk ln
1 + wk

wk

.

Nonlinear integral equation for wk:

|k|2 − µ

kBT
= ln(1 + wk) −

Z

dDk′ g(k − k
′) ln

1 + wk′

wk′

.

Linear integral equation for particle density 〈nk〉:

〈nk〉wk +

Z

dDk′ g(k − k
′)〈nk′〉 = 1.
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Fundamental Thermodynamic Relations

From the solutions wk and 〈nk〉 of the integral equations we calculate. . .

pV

kBT
=

„

L

2π

«D Z

dDk ln
1 + wk

wk

, (1)

N =

„

L

2π

«D Z

dDk 〈nk〉, (2)

U =

„

L

2π

«D Z

dDk |k|2〈nk〉. (3)

(1)+(2): Thermodynamic equation of state

(2)+(3): Caloric equation of state
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Dynamically Interacting Quantum Gas

Exactly solvable models in D = 1:

• Nonlinear Schrödinger (NLS) model
[Lieb and Liniger 1963, Yang and Yang 1969]

H = −
N
X

i=1

∂2

∂x2
i

+ 2c
X

j<i

δ(xi − xj), c ≥ 0.

• Calogero-Sutherland (CS) model
[Calogero 1971, Sutherland 1971]

H = −
N
X

i=1

∂2

∂x2
i

+
X

j<i

2g(g − 1)

d2
ij

, 0 ≤ g ≤ 1,

dij = d(xi − xj) =

˛

˛

˛

˛

L

π
sin
“ π

L
(xi − xj)

”

˛

˛

˛

˛

.

ij

i

j

d
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Equivalence of Dynamical and Statistical Interactions

Thermodynamic Bethe ansatz:

ǫ(k) = k2 − µ − kBT

2π

Z +∞

−∞

dk′K(k − k′) ln
“

1 + e−ǫ(k′)/kBT
”

(Yang-Yang eq.)

〈nk〉
h

1 + eǫ(k)/kBT
i

= 1 +
1

2π

Z +∞

−∞

dk′K(k − k′)〈nk′ 〉 (Lieb-Liniger eq.)
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Equivalence of Dynamical and Statistical Interactions

Thermodynamic Bethe ansatz:

ǫ(k) = k2 − µ − kBT

2π

Z +∞

−∞

dk′K(k − k′) ln
“

1 + e−ǫ(k′)/kBT
”

(Yang-Yang eq.)

〈nk〉
h

1 + eǫ(k)/kBT
i

= 1 +
1

2π

Z +∞

−∞

dk′K(k − k′)〈nk′ 〉 (Lieb-Liniger eq.)

Dynamical interaction

• CS model: K(k − k′) = 2π(1 − g)δ(k − k′).

• NLS model: K(k − k′) =
2c

c2 + (k − k′)2
.
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Equivalence of Dynamical and Statistical Interactions

Thermodynamic Bethe ansatz:

ǫ(k) = k2 − µ − kBT

2π

Z +∞

−∞

dk′K(k − k′) ln
“

1 + e−ǫ(k′)/kBT
”

(Yang-Yang eq.)

〈nk〉
h

1 + eǫ(k)/kBT
i

= 1 +
1

2π

Z +∞

−∞

dk′K(k − k′)〈nk′ 〉 (Lieb-Liniger eq.)

Dynamical interaction

• CS model: K(k − k′) = 2π(1 − g)δ(k − k′).

• NLS model: K(k − k′) =
2c

c2 + (k − k′)2
.

Transcription to statistical interaction [Bernard and Wu 1994]:

wk = exp

„

ǫ(k)

kBT

«

, g(k − k′) = δ(k − k′) − 1

2π
K(k − k′).
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Generalized CS Model

Statistical interaction: g(k − k
′) = gδ(k − k

′).

Density of 1-particle states: D0(ǫ0) =

„

L

2π

«D πD/2

Γ(D/2)
ǫ
D/2−1
0 .
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Generalized CS Model

Statistical interaction: g(k − k
′) = gδ(k − k

′).

Density of 1-particle states: D0(ǫ0) =

„

L

2π

«D πD/2

Γ(D/2)
ǫ
D/2−1
0 .

Grand potential: Ω = −kBT

Z ∞

0
dǫ0 D0(ǫ0) ln

1 + w(ǫ0)

w(ǫ0)
,

1

z
exp

„

ǫ0

kBT

«

= [w(ǫ0)]
g[1 + w(ǫ0)]

1−g, z = eµ/kBT .
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Generalized CS Model

Statistical interaction: g(k − k
′) = gδ(k − k

′).

Density of 1-particle states: D0(ǫ0) =

„

L

2π

«D πD/2

Γ(D/2)
ǫ
D/2−1
0 .

Grand potential: Ω = −kBT

Z ∞

0
dǫ0 D0(ǫ0) ln

1 + w(ǫ0)

w(ǫ0)
,

1

z
exp

„

ǫ0

kBT

«

= [w(ǫ0)]
g[1 + w(ǫ0)]

1−g, z = eµ/kBT .

Average level occupancy:

〈n(ǫ0)〉 =
1

w(ǫ0) + g
.

 0
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-4 -2  0  2  4

<
n

(ε
0
)>

(ε0-µ)/kBT

g = 0

g = 1
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CS Functions (1)

Definition for n > 0: Gn(z, g)
.
=

1

Γ(n)

Z ∞

0

dx xn−1

w̄(x) + g
, [w̄(x)]g[1 + w̄(x)]1−g =

ex

z
.

Extension to n ≤ 0: z
∂

∂z
Gn+1(z, g) = Gn(z, g).
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CS Functions (1)

Definition for n > 0: Gn(z, g)
.
=

1

Γ(n)

Z ∞

0

dx xn−1

w̄(x) + g
, [w̄(x)]g[1 + w̄(x)]1−g =

ex

z
.

Extension to n ≤ 0: z
∂

∂z
Gn+1(z, g) = Gn(z, g).

Fundamental thermodynamic relations:

• pλD
T

kBT
= GD/2+1(z, g),

• NλD
T

V
= GD/2(z, g)

»

+
z

1 − z
if g = 0 and D > 2

–

,

• UλD
T

V

ffi„D
2

kBT

«

= GD/2+1(z, g)

Thermal wavelength: λT
.
=

s

h2

2πmkBT

~
2/2m=1−→

s

4π

kBT
.
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CS Functions (2)

Power series expansion:

Gn(z, g) =
∞
X

l=1

zl

ln
Γ(l − lg)

Γ(l)Γ(1 − lg)

= z +
z2

2n
(1 − 2g) +

z3

3n
(1 − 3g)

„

1 − 3

2
g

«

+ O(z4).

Asymptotic expansion: Gn(z, g) ∼ (ln z)n

gΓ(n + 1)

»

1 +
π2

6
gn(n − 1)(ln z)−2 + . . .

–

.
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Generalized NLS Model

Statistical interaction: K(k − k
′) =

2Γ(D)

πD/2−1Γ(D/2)

cD

[c2 + (k − k′)2]D
.

lim
c→∞

K(k) = 0, lim
c→0

K(k) = 2πδ(k),

Z

dDk K(k) = 2π.
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Generalized NLS Model

Statistical interaction: K(k − k
′) =

2Γ(D)

πD/2−1Γ(D/2)

cD

[c2 + (k − k′)2]D
.

lim
c→∞

K(k) = 0, lim
c→0

K(k) = 2πδ(k),

Z

dDk K(k) = 2π.

Generalized Yang-Yang equation:

ǭ(k̄) = k̄2 − ln z − 2c̄DΓ(D)

[Γ(D/2)]2

Z ∞

0

dk̄′k̄′D−1(c̄2 + k̄2 + k̄′2) ln(1 + e−ǭ(k̄′))

[c̄4 + 2c̄2(k̄2 + k̄′2) + (k̄2 − k̄′2)2](D+1)/2
.

k̄
.
=

k√
kBT

, ǭ(k̄)
.
=

ǫ(k)

kBT
, n̄(k̄)

.
= n(k), c̄

.
=

c√
kBT

.
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Generalized NLS Model

Statistical interaction: K(k − k
′) =

2Γ(D)

πD/2−1Γ(D/2)

cD

[c2 + (k − k′)2]D
.

lim
c→∞

K(k) = 0, lim
c→0

K(k) = 2πδ(k),

Z

dDk K(k) = 2π.

Generalized Yang-Yang equation:

ǭ(k̄) = k̄2 − ln z − 2c̄DΓ(D)

[Γ(D/2)]2

Z ∞

0

dk̄′k̄′D−1(c̄2 + k̄2 + k̄′2) ln(1 + e−ǭ(k̄′))

[c̄4 + 2c̄2(k̄2 + k̄′2) + (k̄2 − k̄′2)2](D+1)/2
.

k̄
.
=

k√
kBT

, ǭ(k̄)
.
=

ǫ(k)

kBT
, n̄(k̄)

.
= n(k), c̄

.
=

c√
kBT

.

Generalized Lieb-Liniger equation:

n̄(k̄)
h

1 + eǭ(k̄)
i

= 1 +
2c̄DΓ(D)

[Γ(D/2)]2

Z ∞

0

dk̄′k̄′D−1(c̄2 + k̄2 + k̄′2)n̄(k̄′)

[c̄4 + 2c̄2(k̄2 + k̄′2) + (k̄2 − k̄′2)2](D+1)/2
.
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NLS Functions

Fundamental thermodynamic relations:

• pλD
T

kBT
=

2

Γ(D/2)

Z ∞

0
dk̄ k̄D−1 ln

“

1 + e−ǭ(k̄)
”

.
= F

(D)
p (z, c̄),

• NλD
T

V
=

2

Γ(D/2)

Z ∞

0
dk̄ k̄D−1n̄(k̄)

.
= F

(D)
N

(z, c̄),

• UλD
T

V

ffiD
2

kBT =
2

Γ(D/2 + 1)

Z ∞

0
dk̄ k̄D+1n̄(k̄)

.
= F

(D)
U (z, c̄).
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NLS Functions

Fundamental thermodynamic relations:

• pλD
T

kBT
=

2

Γ(D/2)

Z ∞

0
dk̄ k̄D−1 ln

“

1 + e−ǭ(k̄)
”

.
= F

(D)
p (z, c̄),

• NλD
T

V
=

2

Γ(D/2)

Z ∞

0
dk̄ k̄D−1n̄(k̄)

.
= F

(D)
N

(z, c̄),

• UλD
T

V

ffiD
2

kBT =
2

Γ(D/2 + 1)

Z ∞

0
dk̄ k̄D+1n̄(k̄)

.
= F

(D)
U (z, c̄).

Note:

– NLS functions depend separately on µ and T

– BE functions recovered for c̄ = 0

– FD functions recovered for c̄ = ∞.

– F
(D)
p (z, c̄) 6= F

(D)
U (z, c̄).
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Thermodynamic Equation of State

Universal functional relations between p, T , and v
.
= V/N :

• Isochores:
p

pv
=

GD/2+1(z, g)

[GD/2(z, g)]1+2/D
,

T

Tv
= [GD/2(z, g)]−2/D.

• Isotherms:
p

pT
= GD/2+1(z, g),

v

vT
=
ˆ

GD/2(z, g)
˜−1

.

• Isobars:
v

vp
=

[GD/2+1(z, g)]D/(D+2)

GD/2(z, g)
,

T

Tp
=
ˆ

GD/2+1(z, g)
˜−2/(D+2)

.

Reference values from pv = kBT and v = λD
T .

Equation of state:
pV

NkBT
=

GD/2+1(z, g)

GD/2(z, g)
.
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Equation of State
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Statistical interaction:

• long-range attraction
(0 ≤ g < 1/2)

• short-range repulsion
(0 < g < 1)
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CS Model in D = 1

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

 1.8

 0  0.2  0.4  0.6  0.8  1  1.2

p
/p

v

T/Tv

g = 1

g = 0

 D = 1

 0

 1

 2

 3

 4

 5

 0  0.2  0.4  0.6  0.8  1  1.2

p
/p

T

v/vT

g = 0

g = 1

0.01

D = 1

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 0  0.2  0.4  0.6  0.8  1  1.2  1.4

v
/v

p

T/Tp

g = 1

g = 00.01

D = 1

26/3/2014 [tqg26 – 16/33]



CS Model in D = 1
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CS Model in D = 3
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CS Model in D = 3

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 0  0.2  0.4  0.6  0.8  1  1.2

p
/p

v

T/Tv

g = 1

g = 00.01

Tc/Tv

D = 3

 0

 1

 2

 3

 4

 5

 0  0.2  0.4  0.6  0.8  1  1.2

p
/p

T

v/vT

g = 0

g = 1

0.01

D = 3

vc/vT

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 0  0.2  0.4  0.6  0.8  1  1.2  1.4

v
/v

p

T/Tp

g = 1

g = 0

0.01
Tc/Tp

D = 3

 0
 5

 10
 15

 20
 0

 1
 2

 3
 4

 5

 0

 10

 20

 30

 40

 50

 60

p

kBTv

p

g = 0

26/3/2014 [tqg27 – 17/33]



BE and FD Gases inD = ∞

Ideal BE gas in D = ∞:

pv =

(

kBT, T > Tc (ideal MB gas)

0, T < Tc (pure condensate)

kBTc = 4π.
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BE and FD Gases inD = ∞

Ideal BE gas in D = ∞:

pv =

(

kBT, T > Tc (ideal MB gas)

0, T < Tc (pure condensate)

kBTc = 4π.
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Ideal FD gas in D = ∞:

pv =
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kBT, T > Tc (ideal MB gas)
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4π

e
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Free fermions inD = ∞

Non-commuting limits z → ∞, D → ∞:

• z < ∞, D → ∞:

p

pv
=

T

Tv

fD/2+1(z)

fD/2(z)

D→∞−→ T

Tv
.

• D → ∞, z → ∞ with D/2 = r ln z, r ≥ 0:

p

pv
=

fD/2+1(z)

[fD/2(z)]1+2/D

D≫1
;

e−1

1 + 2/D ,

T

Tv
=
ˆ

fD/2(z)
˜−2/D D≫1

;

D
2

e−1

ln z
,
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Response functions

• Isochoric heat capacity Cv
.
= N−1

„

∂U

∂T

«

V

:

Cv

kB
=

D
2

"

„D
2

+ 1

«

GD/2+1(z, g)

GD/2(z, g)
− D

2

GD/2(z, g)

GD/2−1(z, g)

#

.

• Isothermal compressibility κT
.
= −v−1

„

∂v

∂p

«

T

:

pT κT =
GD/2−1(z, g)

[GD/2(z, g)]2
.

• Isobaric expansivity αp
.
= v−1

„

∂v

∂T

«

p

:

Tpαp =
Tp

T

"

„D
2

+ 1

«

GD/2+1(z, g)GD/2−1(z, g)

GD/2(z, g)GD/2(z, g)
− D

2

#

.
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Isochoric Heat Capacity
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Velocity of Sound

Result from transport theory: c =
1

√
ρκS

.

Relation to quantities previously determined:

mc2

kBT
=

(v/vT )

(pT κT )

»

1 +
(T/Tp)2(v/vT )(Tpαp)2

(pT κT )(Cv/kB)

–

.
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Velocity of Sound

Result from transport theory: c =
1

√
ρκS

.

Relation to quantities previously determined:

mc2

kBT
=

(v/vT )

(pT κT )

»

1 +
(T/Tp)2(v/vT )(Tpαp)2

(pT κT )(Cv/kB)

–

.

CS model:
mc2

kBT
= γ

GD/2+1(z, g)

GD/2(z, g)
, γ

.
= 1 +

2

D .

• mc2

kBTv
= γ

p

pv
(v = const.),

• mc2

kBTp
= γ

v

vp
(p = const.),
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Statistical Interaction Versus Fractional Statistics

Heat capacity in D = 2
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Statistical Interaction Versus Fractional Statistics

Heat capacity in D = 2
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Shell Model

Statistical interaction: g(k − k
′) =

gΓ(D/2)

2πD/2QD−1
δ(|k − k

′| − Q).

Z

dDk′ g(k − k
′) = g, lim

Q→0
g(k − k

′) = gδ(k − k
′).
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Shell Model

Statistical interaction: g(k − k
′) =

gΓ(D/2)

2πD/2QD−1
δ(|k − k

′| − Q).

Z

dDk′ g(k − k
′) = g, lim

Q→0
g(k − k

′) = gδ(k − k
′).

D = 1 ⇒ coupled algebraic equations:

k2 − µ

kBT
= ln(1 + wk) − 1

2
g

»

ln
1 + wk−Q

wk−Q
+ ln

1 + wk+Q

wk+Q

–

,

〈nk〉wk +
1

2
g
ˆ

〈nk−Q〉 + 〈nk+Q〉
˜

= 1.
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Shell Model

Statistical interaction: g(k − k
′) =

gΓ(D/2)

2πD/2QD−1
δ(|k − k

′| − Q).

Z

dDk′ g(k − k
′) = g, lim

Q→0
g(k − k

′) = gδ(k − k
′).

D = 1 ⇒ coupled algebraic equations:

k2 − µ

kBT
= ln(1 + wk) − 1

2
g

»

ln
1 + wk−Q

wk−Q
+ ln

1 + wk+Q

wk+Q

–

,

〈nk〉wk +
1

2
g
ˆ

〈nk−Q〉 + 〈nk+Q〉
˜

= 1.

D = 2 ⇒ integral equations:

k2 − µ

kBT
= ln(1 + wk) − g

2π

Z 2π

0
dφ ln

1 + wk′

wk′

,

〈nk〉 =
1

wk

»

1 − g

2π

Z 2π

0
dφ 〈nk′〉

–

, k′ =
p

k2 − 2kQ cos φ + Q2.
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Bosonic and Fermionic Features

Equation of state in D = 1
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Thermodynamics of ideal quantum gas with fractional statistics in D dimensions
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Virial Coefficients

Virial expansion:
pv

kBT
= 1 +

∞
X

ℓ=2

aℓ

 

λD
T

v

!ℓ−1

; λT
.
=

s

h2

2πmkBT
, v

.
=

V

N .
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Virial Coefficients

Virial expansion:
pv

kBT
= 1 +

∞
X

ℓ=2

aℓ

 

λD
T

v

!ℓ−1

; λT
.
=

s

h2

2πmkBT
, v

.
=

V

N .

Second virial coefficient:

• No interaction: a2 =
±1

2D/2+1
; (+) bosons, (−) fermions.
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Virial Coefficients

Virial expansion:
pv

kBT
= 1 +

∞
X

ℓ=2

aℓ

 

λD
T

v

!ℓ−1

; λT
.
=

s

h2

2πmkBT
, v

.
=

V

N .

Second virial coefficient:

• No interaction: a2 =
±1

2D/2+1
; (+) bosons, (−) fermions.

• CS model: a2 =
1

2D/2+1

h

1 − 2g
i

.
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Virial Coefficients

Virial expansion:
pv

kBT
= 1 +

∞
X

ℓ=2

aℓ

 

λD
T

v

!ℓ−1

; λT
.
=

s

h2

2πmkBT
, v

.
=

V

N .

Second virial coefficient:

• No interaction: a2 =
±1

2D/2+1
; (+) bosons, (−) fermions.

• CS model: a2 =
1

2D/2+1

h

1 − 2g
i

.

• NLS model: a2 =
1

2D/2+1

2

41 − 4

Γ(D/2)

Z ∞

0
dr

r2D−1e−r2

`

1
2
c2T + r2

´D/2

3
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=

c√
kBT
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Virial Coefficients

Virial expansion:
pv

kBT
= 1 +
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X

ℓ=2

aℓ
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; λT
.
=
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h2

2πmkBT
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.
=
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Second virial coefficient:

• No interaction: a2 =
±1

2D/2+1
; (+) bosons, (−) fermions.

• CS model: a2 =
1

2D/2+1

h

1 − 2g
i

.

• NLS model: a2 =
1

2D/2+1

2

41 − 4

Γ(D/2)

Z ∞

0
dr

r2D−1e−r2

`

1
2
c2T + r2
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5 , cT
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=

c√
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.

• Shell model: a2 =
1

2D/2+1

"

1 − 2g exp

 

−Q2
T

2

!#

, QT
.
=

Q√
kBT
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Reference Values

Basis: v = λD
T and MB equation of state.

• kBTv =
4π

v2/D
, pv =

4π

v2/D+1
(v = const.)

• vT =

„

4π

kBT

«D/2

, pT = 4π

„

kBT

4π

«D/2+1

(T = const.)

• kBTp = 4π
“ p

4π

” 2
D+2

, vp =

„

4π

p

« D

D+2

(p = const.)

Basis: ln z
.
= T̄v/T or ln z

.
= T̄p/T and FD equation of state.

• T̄v

Tv
=

p̄v

pv
=

»

Γ

„D
2

+ 1

«– 2
D D≫1

;

D
2e

(v = const.)

• T̄p

Tp
=

v̄p

vp
=

»

Γ

„D
2

+ 2

«– 2
D+2 D≫1

;

„D
2

+ 1

«

1

e
(p = const.)
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Isochores
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Isotherms
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Isobars
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Isothermal Compressibility
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Isobaric Expansivity
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