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Thermodynamic propertiess of quantum gases depend on ...

(1) dimensionality and environment
o energy-momentum relation
o density of 1-particle states

(2) symmetry and statistics
o capacity for particles in 1-particle states
o occupancies in thermal equilibrium

(3) interaction
o perturbation, mean field = modify (1)
o statistical interaction =- modify (1) and (2)




Generalized Pauli principle [Haldane 1991]

e Exclusion statistics:

How does the number of states accessible to a particle depend on the number of particles of
the same species already present?

Ad; = —giA?’Li = d; = A; — gq;(n,,; — 1).

Coefficient of exclusion statistics: g; = 0 (bosons), g; = 1 (fermions).
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Generalized Pauli principle [Haldane 1991]

e Exclusion statistics:

How does the number of states accessible to a particle depend on the number of particles of
the same species already present?

Ad; = —giA?’Li = d; = A; — gq;(n,,; — 1).

Coefficient of exclusion statistics: g; = 0 (bosons), g; = 1 (fermions).

e Statistical interaction:

How is the number of states accessible to one particle of species i affected
if other particles (of any species j) are added?

Adi == gijAn; = di = A — Y _gij(ng — 8iz),
J J

gi;. statistical interaction coefficients, A, statistical capacity constants.




Specifications of quantum many-body system:

e bare 1-particle energies: ¢;,
e statistical interaction: A;, g;;.

Tasks [Wu 1994]:

. . i i — 1
e combinatorial problem: W = H ( di +n > L od; = A — Zg,,;j (nj — dij)-
T J

ng

e extremum problem: §(U —T'S — uN) = 0.
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e bare 1-particle energies: ¢;,
e statistical interaction: A;, g;;.

Tasks [Wu 1994]:

. . i i — 1
e combinatorial problem: W = H ( di +n > L od; = A — Zg,,;j (nj — dij)-
T J

ng

e extremum problem: §(U —T'S — uN) = 0.

. 1 ; .
Grand potential: Q = —kBTZ In [ + w"’] with w; from
i Wi
€ — 1 1+ w;
T —ln(l—l—wi)—;gﬂln( ” )

Occupancies (n;) from: >~ (6;5w; + gij) (n;) = A;.

J
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Nonrelativistic quantum gas in a rigid box of dimensionality D and volume V = LP.
Specifications:

e Energy-momentum relation: eg(k) = |k2|.

e Statistical interaction: g(k — k).

. LN\?” 1
Grand potential: Q(T,V,u) = —kgT (—) /de In i Ly
2m Wk

Nonlinear integral equation for wy:

k|? — p
kel

1 + W/
W/ .

= In(1 4+ wy) — /de/ g(k —k’)In

Linear integral equation for particle density (ny):

(ng)wy + /de/g(k — kY {(ng) = 1.




From the solutions wy, and (ny) of the integral equations we calculate. ..

D
o (£> /de In =1 Wk (2)
kBT 2T Wk
L D
N = <%> /de (nyk), (2)
L D
U= <—> /d’Dk;|k|2<nk>. (3)
27

(1)+(2): Thermodynamic equation of state

(2)+(3): Caloric equation of state




Exactly solvable modelsin D = 1.

e Nonlinear Schrodinger (NLS) model
[Lieb and Liniger 1963, Yang and Yang 1969]

H=— Z +2c¢ ) 6(x; c > 0.

1= 1 1<

e Calogero-Sutherland (CS) model
[Calogero 1971, Sutherland 1971]

N
9* 2g(g — 1)
H==2 g@t2—g@  0<g<t
=1 7 1< 1
L T
dij =d(x; —xj) = ;sm(z(zci—a:j))'.




Thermodynamic Bethe ansatz:

+o0 ,
e(k) = k2 — yy — "B dk' K (k — k') In (1 4 eclk >/’fBT) (Yang-Yang eq.)

2T J_ o

+oo
(ng) [1 + eeU‘")/"’BT] =1+ 2i / dk'K (k — k') (ny/) (Lieb-Liniger eq.)
T J—o00
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2T J_ o

+oo
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Dynamical interaction

e CSmodel: K(k—k')=2r(1—-g)d(k—K).
2c

e NLS model: K(k — k') =

c? + (k— k)2




Thermodynamic Bethe ansatz:

+o0 ,
e(k) = k2 — yy — "B dk' K (k — k') In (1 4 eclk >/’“BT) (Yang-Yang eq.)

2T J_ o

+oo
(ng) [1 + ee("’)/"’BT] =1+ 2i / dk'K (k — k') (ny/) (Lieb-Liniger eq.)
T J—o00

Dynamical interaction

e CSmodel: K(k—k')=2r(1—-g)d(k—K).
2c
c? + (k— k)2

e NLS model: K(k — k') =

Transcription to statistical interaction [Bernard and Wu 1994].

Wy = exp ( (k) ) gk —K) =8k — k) — %K(k oy

kT




Statistical interaction: g(k — k') = gé(k — k’).

L>D mD/2 D/2-1
N(D/2) ° '

Density of 1-particle states: Dg(eg) = (

o




Statistical interaction: g(k — k') = gé(k — k’).

. . L\P zD/2 _
Density of 1-particle states: Dg(eg) :< ) i D/2—1

27 ) T(D/2) ©
o
_ 1
Grand potential: Q = —kBT/ deg Do(€0) In T wico) )
0 w(eo)

1exp ( 0 ) = [w(eo)]?[1 + w(ep)]' ™9, z=et/kBT,

Z kBT
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Statistical interaction: g(k — k') = gé(k — k’).

D/2
7D/ D/2—1

r(D/2)

Density of 1-particle states: Dg(eg) = ( )

o

)

oo
i 1
Grand potential: €2 = —kBT/ deo Do(e€o) In + w(eo)
0 w(eo)

% exp (;BOT> = [w(e)]9[1 + w(e)]* ™9, z=er/FBT

5

Average level occupancy:

1 M

(n(e0) = s

<n(€y)>

-4 -2 0 2 4
(Eo-H)/kgT
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Definition forn > 0: Gp(z,9) = F(n) / [w(z)]?[1 _I_w(x)]l—g _ —

w(z)+g’

: 0
Extensionto n < 0: za—Gn+1(z, 9) = Gn(z,9).
z
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w(z)+g’

Definition forn > 0: Gp(z,9) = F(n) / [w(x)]9[1 —|—1T)(a:)]1—9 _ —

: 0
Extension to n < O: za—Gn+1(z, 9) = Gn(z,9).
z

Fundamental thermodynamic relations:

PAT
—— =G ’ ’
kT D/2+1(Z g)
NAE
o VT = Gpya(z,9) [—Fé if g=10 and D>2],
UNE D
— kT | =G
® v /(2 B ) ’D/2—|—1(zag)
h?2 2 = 4
Thermal wavelength: A\ = R [2m=1 o
27ka'BT k’BT
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Power series expansion:

LTl —1g)

Gn(z,
59 = L ETora - i)

Il
WL
;=>|N

22 3 3 4
= z—|—2—(1—29)—|——(1—3g) (1—§g>—|—(’)(z ).
Asymptotic expansion: G (z,g) (In2)" [1 + ™ (n—1)(Inz)"2 + ]
: 2,q) ~ — gn(n — nz U
I T+ 1) 6 7
6 T 6
S &
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Statistical interaction: K(k — k') = .
) D) [ G WP

lim K(k)=0, lim K(k) = 2r5(k), /de K(k) = 2.

CcC— OO
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Statistical interaction: K(k — k') = .
) D) [ G WP

lim K(k) =0, lim K(k) = 27d(k), /de K(k) = 2.

C— OO

Generalized Yang-Yang equation:

2¢PT (D) /oo dk'E'P=1(22 + k2 + k'2) In(1 + e—<(K))
0

[T(D/2)]2 (et + 252(];2 4 ]2./2) T (];2 _ ];/2)2](D+1)/2 )
= . k /TN G(k‘) TN - _ . C
k= T é(k) = e n(k) =n(k), ¢= T
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Statistical interaction: K(k — k') = .
) D) [ G WP

lim K(k) =0, lim K(k) = 27d(k), /de K(k) = 2.

C— OO

Generalized Yang-Yang equation:

2¢PT (D) /oo dk'E'P=1(22 + k2 + k'2) In(1 + e—<(K))
0

[T(D/2)]2 [c4 _|_252(];2 _|_];/2) T (EQ _ ];/2)2](D+1)/2'
- .k oy . oe(k) o . c
— e(k) T n(k) =n(k), ¢ —
Generalized Lieb-Liniger equation:
_ =D o%e) 1./1./D—1 (=2 1.2 .72\ 5 (1!
A(F) [1—|—e€(k)] 14 2¢°T'(D) / ] djc k_ EC —|—k_—|— k_)n(k) |
[T(D/2)]% Jo [e* +2e2(k? + k'2) + (k? — k'2)2](P+1)/2




Fundamental thermodynamic relations:

/ dk kP~11n (1 + e_g(E)) = FIgD) (z,0),
0

p)\? 2
e — =
kT — T'(D/2)
NP 2
vV T(D/2)
UNP

v

D
— kT
/2B

0

2

- T(D/2+1)

/ Ak kP La(k) = FP)(2,0),

/ dk EPT'a(k) = FP)(z,@).
0




Fundamental thermodynamic relations:

p>\? 2 /OO | _g(E) . (D) _

PAT dk kP~ 11n (1 = F
* k5T T(D/2) ) 0 (14 ®) = BP0,

NP 2 © _

— dk kP~ 'ak) = F\P)(z,¢
U)\? D 2 o0 = D - . D
ZknT = dE EPH1a(E) = FP) (5 6.
* v /2 B I‘(D/2—|—1)/0 (k) = Fy(2¢)
Note:

— NLS functions depend separately on p and T°
— BE functions recovered for ¢ = 0

— FD functions recovered for ¢ = oc.
- F{P)(z,0) # F{P)(z,0).




Universal functional relations between p, T', and v = V/N:

p Gpjati1(z,9) T

e Isochores: — — = [Gp/a(z,9)] %P,

Po B [GD/Q(z,g)]:H'Q/D’ Ty

v _
o Isotherms: £ — Gpjati(z,9), — = [GD/Q(z,g)] b
pT T

v [GD/2+1(Z,9)]D/(D+2) T

e Isobars: — : = |G Z,9
o o= 9) T, Gp/2t1(2,9)]

Reference values from pv = kgT and v = >\7T7.

1 V G z,
Equation of state: ——— — p/2+1(2,9)

NkT — Gpja(z,9)

—2/(D+2) .
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Statistical interaction:

e long-range attraction
(0<g<1/2)

e short-range repulsion
(0<g<1)
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e Isochoric heat capacity C, = N 1 (8(]) :
%

ar

Cy, D (2 +1> Gp/2+1(2,9) D Gpj2(29)
kp 2 2 Gp/a(2,9) 2 Gpa_1(2,9)
A . -1 8'1) )
e Isothermal compressibility xp = —v — ]
op /) r
i — Gpy2-1(2,9)
TRT = -
[GD/2(Z,9)]2

e Isobaric expansivity o, = v~ ! (@) :
ar ),

Z 41
G'D/Q(zag)G'D/2(z7g) 2

T, | /D Gpa+1(2,9)Gpja—1(2,9) D
Toor =7 |1 5
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Result from transport theory: ¢ =

VPRS

Relation to quantities previously determined:

mc? _ (v/vr) 1+ (T/Tp)*(v/vr)(Tpop)?

kT  (prkT) (prrT)(Cov/kB)




Result from transport theory: ¢ =

VPRS

Relation to quantities previously determined:

mc? _ (v/vr) 1+ (T/Tp)*(v/vr)(Tpop)?

kT  (prkT) (prET)(Co/kB)
2 G z, 2
CS model: =< =y D/241( g), y=14 —.
kT Gp/a2(z,9) D
mc?
o =y — (v = const.),
kBTfU pfv
’I’I’I/C2 v
o =5 — (p = const.),
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Speed of sound for p = const.

D=2
OI.2 0I.4 0I.6 OI.8 ;I. 1.2
T,
0,00
3 1 1 1 1
05 | 0 0.2 0.4 0.6 0.8 1
0.25 T/Tp
c, =01
mc?/kgT versus T/T, (solid lines)
bes | vv /v, versus T'/T, (dashed lines)
0I.2 OI.4 0I.6 OI.8 1 1.2

TT,




gT'(D/2)

Statistical interaction: g(k — k') =
— Sk —kK'|—Q)

27TD/2QD_1

/de/
g(k — K = i
)=9,  lim g(k—k') = gd(k — k')

Q—0




gT'(D/2)

Statistical interaction: g(k — k') = i(|k — K'| — Q).

QWD/ZQD—l

/de’ gk —-k) =g, gmog(k — k') =gd(k — K).

D=1 = coupled algebraic equations:

k2 — 1 1 -
’uzln(l—l—wk)——g In Tk 9 41
kBT 2 WE—Q WE4+Q

1
L LT WE+Q

Y

(i + 59 (k) + {mir Q)] = 1.




gl'(D/2)

Statistical interaction: g(k — k') = i(|k — K'| — Q).

onD/2QD-1

/d’Dk’ gk -k)=g, Cyufnog(k —K') =gk — k).

D=1 = coupled algebraic equations:

1
L LT WE+Q

+1

=In(l4+wg) — =g
kBT 2 WE—Q WE4+Q

Y

k? — 1 1 _
[ [ln + wk—q
1
(nk)wi + 59 [(np—@) + (ner@)] = 1.

D =2 = integral equations:

k2 —
kT

m 1 /
:11’1(1—|—'LU]€)—%/ d¢ In ‘|'wk:’
0

Wi

() = — [1 _ 9 /% do <nk/>] . K =’ _2kQoosd + QF.
0

Wi 2m
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pv/kgT

Equation of statein D =1
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Statistical interaction kernel K (k)

NLS

K(K)

Shell

K(K)

-Q




e G. G. Potter, G. Miiller, and M. Karbach
Thermodynamics of ideal quantum gas with fractional statistics in D dimensions
Phys. Rev. E 75, 061120 (2007)
[arXiv:cond-mat/0610400]

e G. G. Potter, G. Mller, and M. Karbach
Thermodynamics of statistically interacting quantum gas in D dimensions
Phys. Rev. E 76, 061112 (2007)
[arXiv:0710.1031]
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g kT +Za’e( v ) g \/27rkaT Y




pv

Virial expansion:

Second virial coefficient:

e No interaction: as =

kel

+1

2D/2+1 !

(+) bosons,

(—) fermions.
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Virial expansion: =1 — ; A = { | ———, = —.
P kT +Za£ ( v ) r \/27kaBT ! N

Second virial coefficient:

+1

e No Interaction: ao = W;

(+) bosons, (—) fermions.

e CSmodel: ag = 5 ! [1 — 2g].




. P -1 5
Virial expansion: =1 — ; A = { | ———, = —.
P kT +Za£ ( v ) r \/27kaBT ! N

Second virial coefficient:

+1

e No Interaction: ao = W;

(+) bosons, (—) fermions.

e CSmodel: ag = 5 ! [1 — 2g].

1 4 (%) 2D—1 _—7r2
e NLS model: as = ! c

1 d R .
AT TD2) Jo (1 )P T VReT




o DN -1 5
Virial expansion: =1 — ; A = ————, = —.
g kT +Za£( v ) g \/27rkaT Y

B =2

Second virial coefficient:

+1

e No Interaction: ao = W;

(+) bosons, (—) fermions.

e CSmodel: ag = 5 ! [1 — 2g].

D/2+1
NLS model: L 1 1 - d r2Pler ' ¢
° .oag = — r , CT = .
2D/2+1 '(D/2) Jo (12 +T2>D/2 kT

. 1 Q7 . Q
e Shell model: a9 = 5D/2+1 [1 — 2g exp (—7>] , Qr =




Basis: v = AZ_—ﬁ and MB equation of state.

" (3

D
— +2

47

Pv = 5 D¥1

ke T\ D/2+1
, pr =4m ( = ) (T = const.)

2
D ps1 D
/\,)

D

47

D

(v = const.)

”D3-2 oy = (4_71') Dt
p
Basis: Inz =T,/T or Inz=1T,/T and
- D _
i —+1
r(5+1)

2e

2

2 D>1 (D
>

2

(p = const.)

FD equation of state.

(v = const.)

— +1
2—1—

) é (p = const.)
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