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e Exchange interaction
(strong, short-range)

e Magnetic dipolar interaction
(weak, long range)

e Anisotropy, crystal field
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Generalized Pauli principle [Haldane 1991]

How is the number of states accessible to one particle of species : affected
if other particles (of any species j) are added?

Adii—Zgi]‘ANj — di:Ai_Zgij(Nj—5ij),
J J

gi;. coefficients of statistical interaction,
A;. statistical capacity constants.
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Generalized Pauli principle [Haldane 1991]

How is the number of states accessible to one particle of species : affected
if other particles (of any species j) are added?

Adii—Zgi]‘ANj — di:Ai_Zgij(Nj—5ij),
J J

gi;. coefficients of statistical interaction,
A, statistical capacity constants.

Number of distinct many-particle states with composition {V; }:

_ d; + N; — 1 _ C(di + N:)
w{Nh =1] < N, > =11 I'(Ng + 1)I'(d;)

7 7

Packing capacity limited by requirement d; > 0.




Soliton content and energy
of nearest-neighbor bonds:

bond | 1T [l Tl 7

1 0 0 0
N_ 0 1 0 0
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Solitons ...

e have spin +1/2,
e are fundamental,
e are independent,

e are statistically interacting.
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Soliton content and energy
of nearest-neighbor bonds:

bond | 1T [l Tl [T

N.| 1 0 0 0

N_ | O 1 0 0

AE/J | 5 &+ 0 0
Solitons ...

e have spin +1/2,
e are fundamental,
e are independent,

e are statistically interacting.

M. \No | 0 2 4
3 |- - - 1
2 | - - 6 6
1 |- 9 6 15
0|2 12 6 20
-1 |- 9 6 15
—2 | - - 6 6
-3 | - - - 1
2 30 30 64
M \Ns | 1 3 5
7/2 - - - 1
5/2 e 7
3/2 - 14 7 21
1/2 7 21 7 35
—1/2 7 21 7 35
—3/2 - 14 7 21
—5/2 e 7
—7/2 - - - 1
14 70 42 128




Number of Ising eigenstates with N4 = N4 4+ N_ solitons:

2N do + No — 1

Wa(Ny,N_) =
=2 (470 )
[ do’ = Ao’ — Zgaa’(Na’ 500/

1
o A, = —(N-1)

2

1
[ J ;] = —
Joo 5

® ¢t = %(J:I:h) (AFM)

e >  Wa(Ny,No)=2"
N, ,N_




2N deo + Ny — 1
Wa(Ne, No) = ——— ] (
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Z WA(N+7N—) = 2N
Ny, N_

Number of Ising eigenstates with N4 = N4 4+ N_ solitons:

)

particle n4 n_
motif 1l
Ny + N_ 140 0+1

1 N—-1
Ao o 5
€o 1(J+h) L(J-h)
9oo’ + _
1 1
T 2 32
_ 11
2 2




Specifications of quantum many-body system:

e particle energies ¢;,
e statistical interaction coefficients g; ;,

e statistical capacity constants A;.
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e particle energies ¢;,
e statistical interaction coefficients g; ;,
e statistical capacity constants A;.

Two tasks:
e combinatorial problem: W ({N;}) = H < di+ Ny —1 > ;

7

e extremum problem: §(U — TS — uN) = 0.




Specifications of quantum many-body system:

e particle energies ¢;,
e statistical interaction coefficients g; ;,
e statistical capacity constants A;.

Two tasks:
. . d; + N; — 1
combinatorial problem: W ({({N;}) = ! ¢ ,
0 p (vip =11 ( N )
e extremum problem: §(U — TS — uN) = 0.
. 1+ w; \
Grand potential [Wu 1994]: Q = —kgT'InZ, Z = H ( ) ,
i Wi

o 1+ w;
& M:ln(l—kwi)—Zgj?;ln( Z).

J

kBT w;




e 1 1
Specifications: e+ = 5(Ji h)y 9oor = 1 Ag = %(N —1).
N 1 N/2 N\ DN/2
Grand partition function: Z = ( i w+> (1 W ) ;
w4 w —

J+h 1+ wt

1 1 —I- 'Z.U:F
2kgT 2 W4 2 wF

1
=In(l4+wt+) — =1In n




e 1 1 1
Specifications: e+ = 5(Ji h)y 9oor = 1 Ag = 5(N —1).
y . 1 N2l 4w \N/?
Grand partition function: Z = ( +w+> ( W ) ;
w4 w—
J*Eth 1 1 1 1
=In(l4+wt+) — =1In +wi——ln —|—qu:.
2kpT 2 w4+ 2 w-+
Solution:
N
7 = [eQK (coshH—|— \/Sinh2H+e—4K)] ., K = _4l<:JT’ H = _2l<:hT'
B B




e 1 1 1
Specifications: e+ = 5(Ji h)y 9oor = 1 Ag = 5(N —1).
y . 1+we \ V2 14+ w_\N/?
Grand partition function: Z = ( ) ( ) :
w4 w—
J*Eth 1 1 1 1
=In(l4+wt+) — =1In RN —In —|—qu:.
2kpT 2 w4+ 2 w-+
Solution:
N
7 = [eQK (coshH—|— \/Sinh2H+e—4K)] ., K = _4l<:JT’ H = _2l<:hT'
B B

Comparison with transfer matrix solution:

Z =ZneVE,




Ising chain with spin s = 1/2 in a magnetic field:

N
1
H=>)_ [Js;«;s;“ +5h (Sz + s;+1)] .
n=1

Canonical partition function (use o,, = 252 = +1):

N = Z exp

01,4y..-,ON

(

N

2

n=1

()]

1
[K0n0n+1 + §H(an + an+1)]) = Tr [VN] — )\f

Transfer matrix [Kramers and Wannier 1941]:

cK+H e K 1
V= o— K JK—H 3 V(O'nao'n—l—l) — exXp (Ko'no'n—|—1+ EH(O'n‘FO'n—I—l))
H . K . 2 4K . J . h
Eigenvalues: AL =€ [coshH 4 v/sinh? H + e ] , K =-— , H=— :
4kpT 2kpgT
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Linear relations [Wu 1994]: w;(Ny) + > gij(Nj) = Ay, i=1,2,....
J

Solitons in s = 1/2 Ising chain at h # 0:

0.5 - . : . . , . :
1 1 N - -15
S ) (NG) + = (Ng) = —
(wi+2)< L)+ 3 (Ng) = 3 L
Nw
= (Ni) = t I
(Ni) oo s oo > 03
A, 075
Pz
Vooo02 -05
0.7 ()15}
0.1r
h/J=0
5 <
O —
0 2 4 6 8 10
kT
+H - 1.2 — .
(NL) 1 e [\/Slnh H+e 4K:|:SlnhH] B 1/2
N 2 sinh? H + e—4K 4 cosh H+/sinh? H + e—4K e 28 +1




Soliton content and energy of nearest-neighbor bonds:

bond | 1T oo [| To of [o of Tl [T
Ny|2 1 0 1 1 0 0 0 0
N.|O 1 2 0 0 1 1 0 0

AE/J|2 1 2 1 1 1 1 0 0




Soliton content and energy of nearest-neighbor bonds:

bond | 7T oo || To of Jo o]

Ny[2 1 0 1 1 0 0 0
N_ 10 1 2 0 0 1 1 0
AE/J| 2 1 2 1 1 1 1 0
M.\N4s | 0 2 4 6
M, \No | 0O 2 4 6 4 | - - - - 1
3 |- - - 1|1 3 |- - - a4 4
2 | - - 3 -] 3 2 | - - 6 4 10
1 |- 3 3 -] 68 1 |- 4 8 4 16
o|- 6 - 1|7 o |2 - 16 - 19
-1 |- 3 3 -| 6 —1 | - 8 4 16
—2 |- - 3 -| 3 —2 | - - & 4 10
-3 |- - - 1|1 -3 | - - - 4 4
0o 12 12 3 | 27 —4 | - - - - 1
2 8 48 20 81




particle Ty r_ T0 g q_ q0
motif 1T 1l | oo |[ToT Lol fol lof
Ny+N_| 240 0+2|141]24+0 042 1+1
€m 2J 2J J 2J 2J 2J

Independent particles ...
e are composite (soliton pairs),
e have spin +1,0, —1,
e Ccome in six species:

- confined soliton pairs (r4,r_),
- deconfined soliton pairs (q+, qo,q—),
- spacer particle (rg).




particle Ty r_ T0 g q_ q0
motif 11 1L | oo [Tol Lol Tol,lofl
Ny+N_| 240 0+2|141]24+0 042 141
€Em 2J 2J J 2J 2J 2J
Independent particles ... Sample configurations:

e are composite (soliton pairs), LT 2r +
[ ) . r_— T4+,

e ToooT: g4+ + 2rg
o |ofoolll 2q0+70+7-

e have spin +1,0, —1,
e Ccome in six species:

- confined soliton pairs (r4,r_),
- deconfined soliton pairs (q+, qo,q—),
- spacer particle (rg).




Multiplicity expression for soliton pairs: g, 1 2 3 4 5 6
We({Xm ) 2N ﬁ A + Xm — 1 5 3 3 0 1 3
6 my) =
1 1 1 1
N—Ns 5 Xm 2 2 2 ! 0 2
o o o0 -1 -1 -1
dm = Am — Z Imm/ (Xm’ - 5mm’)
1 1 1 1 1 1
m/ 2 2 2 2
1 1 1 1
Ny = X1+ Xo + X3 + 2(X4 + X5 + X6) z 2 2 b b 3
1 1 1 2 2 2
particle T4 T_ 0 q4 q_ q0
motif 7 1l 0o Tofl Lol Tol lo?
Ny +N_ 240 042 | 141 240 0+ 2 141
m 1 2 3 4 5 6
A ikl ikl 0 N1 I N —2
€m 2.J 2.J J 2.J 2.J 2.J




Six coupled equations for given ¢;, g;;, and p = O:

€ — W 1—|—wj )
';BT = In(1 4+ w;) Zgﬂ ( . ), 1=1,,...,0.

W

Set K = —J/kgT.

1+ ws K ws K 2 + we 2K

w1 = w2, W4 = Ws, =e, —=e , wyq =1+ wsg, =e
1+ wq We w1 We




Six coupled equations for given ¢;, g;;, and p = 0:

€ — 1 14+ w; -
T = In(1 4+ w;) Zgﬂ ( . ), 1=1,,...,6.

W

Set K = —J/kgT.

1+ ws w 2+ w

K 3 K 6 2K

w] = w2, W4 = W5, 1 =e, —=e , wyq =1+ wsg, =e" .
+ w1 we w1 We

. 1 1\ 2
Solution: w3z = cosh K — 2 + \/<coshK — 5) + 2.

Eall

W;

Grand partition function: Z = H
1=1
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> Wu({N.}) =2V,

{Nu}

N (%+M—

Number of Ising states with { N1, N, ...} strings:

)

s | - 1
{1mhyd? | Np=1 6
{1111t | N2 =1
{rrirdt | N=2
{rrimnyat | Np=2 15
Tr1LLL)}e N3 =1
{11470 38 Ny =Ny =1
{riret 9 Ny =3
{1710} Ni=Ny=1 | 20
{TLLTLst | N2 =2
{TITLnIgt | Ni=Ng =1
(17LLinygt | Na=1 15
{11LLDYs? | Ns =1 6
{LILLLDYI® | Ne=1 1
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Nested two-level systems:

e u-string vacuum: | 771 --- T) (FM ground state),

e v-stringvacuum: |---Too---071---) (u-String particle).
1|t (1T TE, 1
4 1 {111 o)3? R PSR (RN S o 8
4 | {171 00312 {11 0o) 3 2, {111l o)t 1111l 8 1, 16

4 | {1100}t || fltoooyy il Al 1L oo) S s Ll TLL o) ua LI TLLDYLZ, | 32

1 | {lo0o00)}? {loooo)}fs 1. {l Looo)} iy,
{1 1L00)} 2, {l Lol oy da {l 1Ll o)} 3, (I LU}y, | 16

2 | {1121 o0332 || {1101 o)3 32, {1141 o)}t {1 10113941, 8
16 81

Link to nested coordinate Bethe ansatz.



Multiplicity expression:

W ({N AN} =

Link to nested thermodynamic Bethe ansatz.




Strings of restricted length: © =1,2,..., M < N.

1
Grand potential: Q3 (T) = —kgT Z A, ln (w“ + )

p=1 Wr
M
w,,r +1
41K, = In(w, + 1) — Zg““ln’;—,, p=1,...
p'=1 ®
[ A'u,:N_/,l/,
® g,/ = w w<
R ,LL,—|—1, MZ:LL/
Cu
o K, = P

Spin-1/2 ising chain: ¢, = |J| + uh.

Thermodynamic limit: first N — oo then M — oc.




. finite M, and N — .

Solution for ¢, =

Introduce ¢, = In(w, + 1), ¢ =e %, K = —|J|/4kpT.

| M
Introduce ®,; = —— (1— M).
TP I CLS

. : 1
Grand potential per site: wys(T') = Nlim NQM(T) = —|J|P .
— 00

Polynomial equation: gz(M+2) 4 (1 —¢)z?2 —22+1=0, =z =¢"™ <1.




Solution for ¢, =

. finite M, and N — .

Introduce ¢, = In(w, + 1), ¢ =e %, K = —|J|/4kpT.

| M
Introduce ®,; = —— (1— M).
TP I CLS

. : 1
Grand potential per site: wps(T) = lim —Qpn(T) = —|J|Ps.
N—oo N
Polynomial equation: gz(M+2) 4 (1 —¢)z?2 —22+1=0, =z =¢"™ <1.

1
1+q

Solution for spin-1/2 Ising chain (M — oc0): z =

= Woo(T) = —kpTIn (1 + e_|J|/2kBT) :
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: L : d
Entropy per site on infinite lattice: sy, (7) = lim N=1Sy(T) = — WM (T).
K 1+ 4e 4K 41 8Ke 4K .
° s1(K) = In V1t de i + ¢ (1-strings only),
kg 2 14+ de—4K + \/1 + de—4K
Sco(K) oK 2K :
° P In (1 + e ) + 2K 1 (all strings allowed).

su/kg

ke T/




M

Normalized distribution: (n,) = (ny) () , (ny) = lim

p'=1

M 7
Solve the linear equations wy (n.) + > pw'(n,)+ Y (ny) =1, p=1,...,M.
p'=1 p'=1




M

Normalized distribution: (n,) = (ny) () , m

p'=1

M 7
Solve the linear equations wy,(n.) + > p'(ny,) + > (n,) =

/1,/:]_ ,u,’:]_

7

N
b Ve
N—oco N
1, p=1,...

Consider the case M — oo: wy(nu) + Y () =¢, p=12,...

rv=1

1 K =
where w,, = ! —l—( V) : Cil—Zu/<n“/>.
p'=1

Va q

M.




-1
M
Normalized distribution: (7,) = (n,,) (Zmu,)) . (ny) 2

p'=1
M p
Solve the linear equations w,,(n,,) + E E (
p' =1 p'=1
"

1+ o)
Vi 4

where w, =

X \/a 6_2K

Result: (n,) =

[Denisov and Hanggi 2005]




. o coe (NW)
Normalized distribution: (72,,) = (n,,) Zlmy/) o (o) = Jim 2
I_L p—
M 7
Solve the linear equations wy, (n,) + Y 4/ + ) (nu)=1, p=1,...,M.
p'=1 p'=1
m
Consider the case M — oo: wy(nu) + Y () =¢, p=12,...
vr=1
1 (0+ve* . a
where w, = + : ¢=1-— pn, ).
Y Ve q ,z_: g
2K
Result: (n,) = Va4 € e nw=1,2,... [Denisov and Hanggi 2005]
I+ vor  (1+e2K)w’
—K
Pascal’s distribution: P(p) =~(1 —y)*~ 1, ~=

eK 1 e— K




e Generalization to spin-3/2 Ising chain:
o independent particles contain 2,3,...,6 solitons,
o confined soliton compounds (e.g. 1, J4),
o deconfined soliton compounds (e.g. M1T1),
o spacer particles (e.g. T1).
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o confined soliton compounds (e.g. M1, 44),
o deconfined soliton compounds (e.g. MT1),
o spacer particles (e.g. T1).

e Generalization to more complex spin-1/2 systems:
o diamond chain,
o spin ladder.
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e Generalization to more complex spin-1/2 systems:
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e Citeria for independent particle species.




Generalization to spin-3/2 Ising chain:
o independent particles contain 2,3,...,6 solitons,
o confined soliton compounds (e.g. M1, 44),
o deconfined soliton compounds (e.g. MT1),
o spacer particles (e.g. T1).

Generalization to more complex spin-1/2 systems:
o diamond chain,
o spin ladder.

Citeria for independent particle species.

Links to coordinate Bethe ansatz and thermodynamic Bethe ansatz (including nesting).
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