
Quasiparticles in Spin Chains
Interaction – Thermodynamics – Observability

Gerhard Müller

University of Rhode Island

Michael Karbach and Klaus Wiele
Bergische Universität Wuppertal

qpsit1 – p.1/21



Quantum Spin Chain

• magnetic compound

• magnetic ions

• exchange coupling

• charge-spin separation

• collective spin modes

• quasiparticle composition

• quasiparticle interaction

• thermodynamics, dynamics

CsCoCl3

+1l−1l l

qpsit2 – p.2/21



Model Hamiltonians

XXZ model: H =

N
X
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z
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• symmetries

• conservation laws, integrability

• exact analysis

• interacting quasiparticles

• pseudovacuum, physical vacuum

Haldane-Shastry model:

H =
X

ℓ<ℓ′

Jℓℓ′ Sℓ · Sℓ′ , Jℓℓ′ = J

»

N

π
sin

π(ℓ− ℓ′)

N

–−2
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Zoo of Quasiparticles

squeezed
strings

broken
strings m−strings −stringsµ strings

stretched

spinons spinons solitons

HS XX axial XXZplanar XXZ Ising

fermions

XXX

• dispersion

• spin

• scattering, binding

• exclusion statistics

• selection rules
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XX Model: Jordan-Wigner Fermions

Hamiltonian: H = J
X

n

[Sx
nS

x
n+1 + Sy

nS
y
n+1] = J

X

{pi}

cos pi c
†
pi
cpi .

Jordan-Wigner transform: Sz
n = c†ncn − 1

2
, S+

n = Sx
n + iSy

n = c†n exp

 

iπ
X

j<n

c†jcj

!

.

Fourier transform: cp =
1√
N

N
X

n=1

eipncn.

Magnetization: Mz =
N

2
−Nf .

Fermion momenta: pi =
π

N
m̄i,

m̄i ∈
(

{1, 3, . . . , 2N − 1} (Nf even)
{0, 2, . . . , 2N − 2} (Nf odd)

Wave number: k =
π

N

Nf
X

i=1

pi mod(2π)

cos pi

p
i

cos pi

p
i

even Nf

odd Nf
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XX Model: Fermions Versus Spinons I
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Magnetization.

• from fermions:

Mz =
N

2
−Nf ;

• from spinons:

Mz =
1

2
(N+ −N−),

Ns = N+ +N−.
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XX Model: Fermions Versus Spinons II
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Exclusion Statistics of Spinons

• NS = N+ +N−

• Mz =
1

2
(N+ −N−)
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Exclusion Statistics of Spinons

• NS = N+ +N−

• Mz =
1

2
(N+ −N−)

Multiplicity expression [Haldane 1991]:

• W (N+, N−) =
Y
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!
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X
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2
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•
X
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Bethe Ansatz for Spinons

Spinon quantum numbers:
Ns

2
≤ mσ

1 ≤ mσ
2 ≤ · · · ≤ mσ

Nσ
≤ N − Ns

2
, σ = ±.

Energy of XX eigenstate: E
`

{m+
j+

}, {m−
j−

}
´

= E0(Mz) +
X

σ=±

Nσ
X

jσ=1

sin kσ
jσ
.
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Ns

2
≤ mσ

1 ≤ mσ
2 ≤ · · · ≤ mσ
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≤ N − Ns

2
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`

{m+
j+

}, {m−
j−

}
´

= E0(Mz) +
X

σ=±

Nσ
X

jσ=1

sin kσ
jσ
.

Bethe ansatz equations: Nkσ
i = πmσ

i +
X

σ′=±

Nσ′
X

j=1

θXX(kσ
i − kσ′

j ),

Dynamical spinon interaction: θXX(kσ
i − kσ′

j ) = π sgn(kσ
i − kσ′

j )δσσ′ .
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Dynamical spinon interaction: θXX(kσ
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j ) = π sgn(kσ
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Spinon momenta: kσ
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N
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, jσ = 1, . . . , Nσ, σ = ±.
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Statistical spinon interaction: ∆dσ = −
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Thermodynamics of Spinons I

Gibbs free energy per site: g = u− Ts− hmz

• u =
1

2π

X

σ

Z kσ
max

kσ
min

dk ρσ(k) sin k − 1

π
cos(πmz)

• s = −kB

2π

X

σ

Z kσ
max

kσ
min

dk
h

ρσ(k) ln ρσ(k) +
“

1 − ρσ(k)
”

ln
“

1 − ρσ(k)
”i

• mz =
1

2

X

σ

σnσ =
1

4π

X

σ

Z kσ
max

kσ
min

dk σρσ(k)
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Thermodynamics of Spinons I
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Thermodynamics of Spinons I

Gibbs free energy per site: g = u− Ts− hmz

• u =
1

2π

X

σ
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max
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min

dk ρσ(k) sin k − 1
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where kσ
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(1−m  )zπ

(1+m  )zπ

⇒ g = − 1

π
cos(πmz) +

1

2π

X

σ

Z π(1+σmz)

−σπmz
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n

ρσ(k) sin k
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“

1 − ρσ(k)
”
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“

1 − ρσ(k)
”i

− h

2
σρσ(k)

o
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Thermodynamics of Spinons II

Extension of domains: ρ+(k) + ρ−(k − π) = 1

g =
1

4π

X

σ

Z +π

−π

dk
n

ρσ(k) sin k + kBT
h

ρσ(k) ln ρσ(k)

+
“

1 − ρσ(k)
”

ln
“

1 − ρσ(k)
”i

− hσρσ(k)
o

.
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Thermodynamics of Spinons II

Extension of domains: ρ+(k) + ρ−(k − π) = 1

g =
1

4π

X

σ

Z +π

−π

dk
n

ρσ(k) sin k + kBT
h

ρσ(k) ln ρσ(k)

+
“

1 − ρσ(k)
”

ln
“

1 − ρσ(k)
”i

− hσρσ(k)
o

.

Spinon densities from δg = 0: ρσ(k) =
h

eβ(sin k−hσ) + 1
i−1
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Thermodynamics of Spinons II

Extension of domains: ρ+(k) + ρ−(k − π) = 1

g =
1

4π

X

σ

Z +π

−π

dk
n

ρσ(k) sin k + kBT
h

ρσ(k) ln ρσ(k)

+
“

1 − ρσ(k)
”

ln
“

1 − ρσ(k)
”i

− hσρσ(k)
o

.

Spinon densities from δg = 0: ρσ(k) =
h

eβ(sin k−hσ) + 1
i−1

Gibbs free energy per site: βg(T, h) = − 1

2π

Z +π

−π

dk ln

„

2 cosh
“β

2
(sin k − h)

”

«
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Thermodynamics of Spinons II

Extension of domains: ρ+(k) + ρ−(k − π) = 1
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Spinon Spin Interaction

Spinon orbital filled to capacity (Ns = N).

• non-uniform level splitting,

• ns =
Ns

N
, mz =

Mz

N
, ǫ =

E

N
,

• ǫ =
1

π
cos(πmz), −1

2
≤ mz ≤ +

1

2
,

E

= 0

∆E ~ O(1)

∆E ~ O(1/N)

N/2= |M  |z

|M  |z
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• non-uniform level splitting,
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N
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N
, ǫ =

E

N
,

• ǫ =
1

π
cos(πmz), −1

2
≤ mz ≤ +

1

2
,

E

= 0

∆E ~ O(1)

∆E ~ O(1/N)

N/2= |M  |z

|M  |z

Spinon spin interaction:

• He = −Je

X

i<j

[σiσj − 1] , σi = ±1, Je =
2

πN
,

• ǫe =
1

π

`

1 − 4m2
z

´

, −1

2
≤ mz ≤ +

1

2
.
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Hund’s Rule

Partially filled spinon orbital (0 < Ns ≤ N).

• filling: 0 ≤ ns ≤ 1,

• magnetization: |mz| ≤
ns

2
,

• orbital momentum: κ =
πm

N
,

πns

2
≤ κ ≤ π − πns

2
,

• energy: ǫ =
1

π
cos(πmz)

h

2 sin
“π

2
ns

”

sinκ− 1
i

.

0 N
sN

0

N

N/2m
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Interacting Spinon Orbitals

Spinons in several orbitals:

• νs ≤ κ1 < κ2 < · · · < κt ≤ π − νs,

• νi
.
=
πN

(i)
s

2N
= ν+

i + ν−i , µi
.
=
πM

(i)
z

N
= ν+

i − ν−i , i = 1, 2, . . . , t; νs
.
=

t
X

i=1

νi,

• µ̄i,k
.
=

i
X

j=1

µj −
t
X

j=k

µj , ν̄i,k
.
=

i
X

j=1

νj −
t
X

j=k

νj ,

• πǫ =

t−1
X

i=1

cos µ̄i,i+1

n

cos ν̄i,i+1

h

cosκi+1 − cosκi

i

+ sin ν̄i,i+1

h

sinκi − sinκi+1

io

+ cos µ̄t,t+1

n

cos ν̄t,t+1

h

cosκ1 − cosκt

i

+ sin ν̄t,t+1

h

sin κ1 + sinκt

i

− 1
o

.

νi
−ν i

+ νi+1
+ νi+1

−

κV(   ,      )
i+1κ i

qpsit12 – p.14/21



Comparison of XX and HS Models

XX model

• sℓ2 loop symmetry.

HS model

• Yangian symmetry.

0
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Comparison of XX and HS Models

XX model

• sℓ2 loop symmetry.

• Free fermions (g = 1).

• Interacting spinons (g = 1/2).

• Spinon spin coupling present.

HS model

• Yangian symmetry.

• Free pseudomomenta (g = 2)

• Interacting spinons (g = 1/2).

• Spinon spin coupling absent.
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Comparison of XX and HS Models

XX model

• sℓ2 loop symmetry.

• Free fermions (g = 1).

• Interacting spinons (g = 1/2).

• Spinon spin coupling present.

• Motif:

HS model

• Yangian symmetry.

• Free pseudomomenta (g = 2)

• Interacting spinons (g = 1/2).
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• Bethe quantum numbers: {mσ
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Comparison of XX and HS Models

XX model

• sℓ2 loop symmetry.

• Free fermions (g = 1).

• Interacting spinons (g = 1/2).

• Spinon spin coupling present.

• Motif:

• Bethe quantum numbers: {mσ
i }.

• Spinon scattering:

θXX(kσ
i − kσ′

j ) = π sgn(kσ
i − kσ′

j )δσσ′ .

HS model

• Yangian symmetry.

• Free pseudomomenta (g = 2)

• Interacting spinons (g = 1/2).

• Spinon spin coupling absent.

• Motif: 10 0001010 010 00

• Bethe quantum numbers: {mi}.

• Spinon scattering:
θHS(ki − kj) = π sgn(ki − kj).
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Comparison of XX and HS Models

XX model

• sℓ2 loop symmetry.

• Free fermions (g = 1).

• Interacting spinons (g = 1/2).

• Spinon spin coupling present.

• Motif:

• Bethe quantum numbers: {mσ
i }.

• Spinon scattering:

θXX(kσ
i − kσ′

j ) = π sgn(kσ
i − kσ′

j )δσσ′ .

• E − E0 =
X

σ=±

Nσ
X

jσ=1

sin kσ
jσ

.

HS model

• Yangian symmetry.

• Free pseudomomenta (g = 2)

• Interacting spinons (g = 1/2).

• Spinon spin coupling absent.

• Motif: 10 0001010 010 00

• Bethe quantum numbers: {mi}.

• Spinon scattering:
θHS(ki − kj) = π sgn(ki − kj).

• E − E0 = −vs

π

Ns
X

j=1

κjkj , κj =
π

N
mj .
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Observation of Spinons in XXX Model

Cu(C4H4N2)(NO3)2

2

1

0

h
ω (

me
V)

10.750.50.250 q~ / π

3

2

1

0

I~ (1/meV)
(a) CuPzN
H=0, T=0.25 K

1.20.80.40

(b) 2-spinon model
      J =0.90 meV

[Stone, Reich, Broholm, Lefmann,
Rischel,Landee, and Turnbull 2003]
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[Karbach, Müller, Bougourzi,
Fledderjohann, and Mütter 1997]
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Observation of Solitons in Axial XXZ Model

CsCoCl3

[Yoshizawa, Hirakawa, Satija,
and Shirane 1981]

S(2)(π, ω)

∆= 2.30; 4.93; 7.90; 10.9; 13.7

0.5 1 1.5 2

ω/I

0

2

4

I*
S(2

) xx
(π

,ω
)

[Müller and Karbach 2000]
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Observability of Spinons in XX Model?

• Physical realizations

• Spinon composition of XX spectrum

• Transition rate expressions

◦ Free fermions
[McCoy, Barouch, and Abraham 1971]

◦ Algebraic Bethe ansatz
[Korepin 1982, Kitanine, Maillet, and Terras 1999]

◦ Product expressions for XX transition rates
[Biegel, Karbach, Müller, and Wiele 2004]

◦ Observability
[Arikawa, Karbach, Müller, and Wiele 2006]
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Transition Rates

Product expressions for M±
λ (q)

.
=

|〈ψ0|S±
q |ψλ〉|2

‖ψ0‖2‖ψλ‖2
:
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Q
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sin2 ki−kj

2
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sin2 k0
i −k0
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2
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N2
r
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2
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Spectrum

2-spinon spectrum:

ǫ2L(q) = ǫ4L(q) = | sin q|

4-spinon spectrum: ǫ2U (q) = 2
˛

˛

˛sin
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1-spinon spectrum:

ǫ1(q) = ǫ3L(q) = | sin q|

3-spinon spectrum:

ǫ3U (q) = 3 max
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Spectral Weight

1-spinon dynamic structure factor:

S
(1)
−+(q, ω)

a
=

C

4
√
N

tan
q

2
δ (ω − | sin q|)

2-spinon dynamic structure factor:

S
(2)
−+(q, ω)0

a
=

2C

π
√
N

p

4 sin2(q/2) − ω2

ω2 − sin2 q
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