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e Mmagnetic compound

e Mmagnetic ions

e exchange coupling

e charge-spin separation

e collective spin modes

e (uasiparticle composition
e (uasiparticle interaction

e thermodynamics, dynamics
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XXZ model: H = [JoL (S7S¢1+SYSY 1) + J)Si Sis]

=1
N
XX 2 H=J ) [S{Si + SYSE, ] e symmetries
621 e conservation laws, integrability
XXX : H=JY S¢-Sea e exact analysis
t=1 e interacting quasiparticles
ising © H = JiSZSZH e pseudovacuum, physical vacuum
=1

Haldane-Shastry model:

T N

I / —2
H = Z Jgg/ Sg : Sg/7 Jgg/ =J [E sin M]
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HS XX planar XXZ axial XXZ Ising
XXX

squeeze [ broken | otri et stretched
[ strings 1 : strings J_[m strmg% [“ strlngH stringsJ
) ( fermions ) ( ) (

N—

(spinons) ( spinonsJA( solitons]

e dispersion

e Spin

e scattering, binding
e exclusion statistics
e selection rules
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HS XX planar XXZ axial XXZ Ising
XXX

squeeze [ broken | otri et stretched
[ strings i : strings J_[m strmg% [“ strmgH stringsJ
) ( fermions ) ( ) (

N—

(spinons) [ spinonsJA( solitons)

e dispersion

e Spin

e scattering, binding
e exclusion statistics
e selection rules
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Hamiltonian: H = J» [SpShi1 + SuSY, ] =J >  cospic,cp,.
n {pi}

. 1
Jordan-Wigner transform: SZ = ¢! ¢, — 5 St =8%4i8Y =cl exp (iﬂ > c}q) .

J<n

N
: 1 ;
Fourier transform: ¢, = — Z e’ cp.
vV N

n=1 COSs H
o N even N
Magnetization: M, = o Ny. ® ®
P.
Fermion momenta: p; = — m; i
. 1 N 19 @. .@
_ {1,3,...,2N — 1} (Ny even) Cos
m; € odd Nf
{0,2,...,2N — 2} (N odd) ®.
s al S o pi
Wave number: k= ;pi mod (2)
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Magnetization.

e from fermions:

Mz:g_Nf;

e from spinons:

M, = %(N-F _N_)’
N.=N,+N_.
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N, 0 2 4 6 M K E
f I T T I |
N AR IRC 0 0000 Magnetization.
1 oO/e O O +1 1 0.000
o|lo e o 2 -1.000 . ]
e from fermions:
olo O e 3 0.000 N
e 0 o o 0 1.000 MzZE—Nf;
2 ole e|o0 0 0 -1.414
ole ole 1 0.000 e from spinons:
ele olo 2 0.000 1
M, =—-(Ny — N_),
olo e|e 2 0.000 ? 2( + )
olo olo 3 0.000 Ns =Ny + N_.
e 0 Ol @ 0 1.414
3 © o|e|e -1 1 0.000
O ele | e 2 -1.000
e ©¢ @ | O 3 0.000
e © O o 0 1.000
4 ° olo ° -2 0 0.000
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0
| | |
0 DB 2 sear 0 0000 Magnetization.
1 o e [ [d +1 +,+ 1 0.000
o |6 e [0 +,+ 2 -1.000 _
0|0 @ e v+ 3 0.000 o from fe]r\rfnlons.
[o] | [o] [o] [O] +++- 0 1.000 M, = o Ny,
2 ole o]0 0 0 -1.414
o|e [O[e +,- 1 0.000 e from spinons:
[0]| ® [o]| 0 +,- 2 0.000 1
|l e | +,- 2 0.000 M. = §(N+ - N-),
0|0 e o + - 3 0.000 Ns = Ny + N_.
[o] [o] (O] [e] ++-—- 0 1414
3 o e|[e -1 -- 1 0.000
o [@e|[@ _ 5 ~1.000 [@  spin—down spinon
6] @] ® | O - 3 0.000 [6]  spin-up spinon
[o] [e] |[o]|[e] +--—- 0 1.000

4 @] @'@ o] -2 ===~ 0 0.000
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0 |_ o] [©] J +2 28222 0 0.000 m 01234567 ,
1 ol|e [0 [O +1 1+ 1 1 0.000 ® ¢ & o odd
ol|[d e [d 1* 3" 2 -1.000 ® & & 0 cwen
ol|[c o e 3+ 3 3 0.000
®|[@ O O gy O 1000 Spinon orbital momenta: x; = (w/N)m;
2 ole e|o 0 0 -1.414 mi01234|\|
ol e @@ 1~ 1 0.000 S
®|e @ o 3 2 0.000 © ©0 0o
o[ e |[e 3T 2 0.000 © o o j
(0] 0] @ |0 33 3 0.000
(o] [o] [O]|[e] 2f2*o 2 0 1414
- - Wave number:
3 [o o e|[e -1 1T 1 0.000 Ny
o [@e @ 13~ 2 -1.000 L= - mod
= pi mod(27)
o @ e O 373 3 0.000 N ; '
[¢] [®] O] [e] 2t2"2 7 0 1.000
| T No N
-5 — | — o _
s BE®® -2 277z o oo | k= N Z Z m;_ 5 mod(27)




e Ngs =N;+ N_

1 M,\Ng 2 4 6
o MZ:§(N_|_—N_) 3 _ - 1
2 - 5 1 6
1 6 8 1 15
0 9 9 1 20
—1 6 8 1 15
—2 - 5 1 6
-3 - - 1
21 35 7 64




M \Ng | 0 2 4 6
3 |- - - 1
2 |- - 5 1| 86
1 |- 6 8 1] 15
o |1 9 9 1| 20
-1 |- 6 8 1|15
—2 |- - 5 1| 6
-3 |- - - 1
1 21 35 7| 64
M. \Ng |1 3 5 7
7/2 - - - 1 1
5/2 - - 6 1 7
3/2 - 10 10 1| 21
1/2 4 18 12 1 | 35
—1/2 4 18 12 1| 35
—3/2 - 10 10 1| 21
—5/2 - - & 1 7
—7/2 - - - 1 1
8 56 56 8 | 128




e Ngs =N;+ N_

1 M \Ng | 0 2 4 6
° Mz:§(N_|_—N_) s | = _ S
2 |- - 5 11| 86
Multiplicity expression [Haldane 1991]: 1 |- 6 8 1] 15
o1 9 9 1] 20
_ -1 |- 6 8 1] 15
e W(N4,N-) = H ( o —I—]if\fa : ) —2 |- - 5 1|8
o==+ 7 3 |- - - 1|1
o d — A, Zgw (N, —6,0) 1 21 35 7| 64
M, \Ng |1 3 5 7
o A 1( 1) 7/2 - - - 1] 1
2 5/2 - - 6 1 7
1 3/2 - 10 10 1| 22
® Joo! = 2 1/2 4 18 12 1| 35
—1/2 4 18 12 1| 35
—3/2 - 10 10 1| 22
¢ Z W(N+7N—):2N- —5/2 - - 6 1| 7
Ny, ,N_ —7/2 | 1
8 56 56 8 | 128







. Ns o o NS
Spinon quantum numbers: 5 <mpy <mg <---<my, <N — 5 o= *.
N,
Energy of XX eigenstate: E({m], },{m; }) = Eo(M.)+ > ) sinkj,.
oc=*x jo=1
N_,
Bethe ansatz equations: Nk{ =mm{ + > Y Oxx(k{ — ki ),
o/=+7=1

Dynamical spinon interaction: 0xx(k; — k:fj") = wsgn(k; — kgf'/)(SM,.




. Ns o o NS
Spinon quantum numbers: 5 <mpy <mg <---<my, <N — 5 o= *.
No
Energy of XX eigenstate: E({m], },{m; }) = Eo(M.)+ > ) sinkj,.
oc=*x jo=1
N_,
Bethe ansatz equations: Nk{ =mm{ + > Y Oxx(k{ — ki ),
o/=+7=1
Dynamical spinon interaction: 0xx(k; — k:fj”) = wsgn(k; — kjl)ém,,.
Spinon momenta: kj = % (mi —No —14+2j,), jo=1,...,No, o=,
Range: — 1N—N 1) <k <kl < <k% < T N—1N+N—1
9 . N 9 s o ~ M1 2 Ny = N 9 S o

)
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Spinon quantum numbers: 5 <mpy <mg <---<my, <N — ]\2[ , o= *.
N,
Energy of XX eigenstate: E({m], },{m; }) = Eo(M.)+ > ) sinkj,.
oc=*x jo=1
N_,
Bethe ansatz equations: Nk{ =mm{ + > Y Oxx(k{ — ki ),
o/=+4 j=1
Dynamical spinon interaction: 0xx(k; — k:fj”) = wsgn(k; — kjl)ém,,.
Spinon momenta: k;_ = % (mi, — No —1+ 23},) , jo=1,....,N,, o ==+.
Range: — 1N—N 1) <k <kl < <k% < T N—1N+N—1
ge. TACRS o S Rl 2 Ne = 37 Vs o :
. . . . 1
Statistical spinon interaction: Ad, = — Z Goot AN/, Goor = >

o/ =+




Gibbs free energy persite: g =u—1Ts — hm,

krnax
o U= LZ/ dk po (k) sink — lcos(7rmz)

2T - o 7
o 5= _S_i U /k; dk [pa(k) In po (k) + (1 - pa(k)) In (1 - pg(k))]
e M, = %Zana = ﬁ kjnax dk opo (k)




Gibbs free energy persite: g =u—1Ts — hm,

krnax
o U= LZ/ dk po (k) sink — l(:os(7rmz)

o 7




Gibbs free energy persite: g =u—1Ts — hm,

krnax
o U= LZ/ dk po (k) sink — l(:()s(7rmz)

21 —~ Sk s
kg max
¢ s=-22 dk [pa(k) In po (k) + (1 - pa(k)) In (1 - pa(k))]
o k:glin
e m —12077, _ L gnaxdk:a (k)
c2 -  A4r —~ Jke P
where kpin = —omm., kpax = 7(1+omy)
1 1 w(l+omy) .

=9 = —= cos(mm) + - Z/ dk{pa(k) sin k

o —OoTMm

R [ () In po (B) + (1= (1)) I (1= po ()] — Zorpo ()}




Extension of domains: p4 (k) +p_(k—m) =1

g = iza:/_iﬂdk{pg(k)sink—l—kBT[pa(k)lnpg(k)

+ (1 - pa(k)) In (1 - pa(k))] _ ha,oa(k)}.




Extension of domains: p4 (k) +p_(k—m) =1

g = iza:/_iﬂdk{pg(k)sink—l—kBT[pa(k)lnpg(k)

+ (1 - pa(k)) In (1 - pa(k))] _ ha,oa(k)}.

. —1
Spinon densities from dg = 0:  p, (k) = [eﬂ(smk_h“) + 1}




Extension of domains: p4 (k) +p_(k—m) =1

g = i;/_J:Tdk{pg(k:)sink:—l—kBT[Po(k)lnPo—(k)

+ (1 - pa(k:)) In (1 - pa(k))] _ hapa(k)}.

. —1
Spinon densities from dg = 0:  po (k) = [eﬁ(“nk_h“) + 1}

+
Gibbs free energy per site: Gg(T,h) = —% / dk In (2 cosh (g(sin k — h)))




Extension of domains;:

Spinon densities from dg = 0:

pi(k)+p_(k—m) =1

g = ﬁ;/_J:Tdk{pa(k:)sink:—l—kBT[Po—(k)lnPo—(k)

+ (1 - pa(k:)) In (1 - pa(k))] _ hapa(k)}.

. —1
pa(k) _ |:€B(Sll’l k—ho) 4+ 1:|

B=9

p.(k)




Spinon orbital filled to capacity (Ns = N).

e non-uniform level splitting,

.’I’L_NS m—MZ 6_E
S N7 < N7 _N7

1 1 1

— z ) —= < Z< )

° ¢ 7Tcos(wm) 5 S _-|-2

IMz| = N/2

AE ~ O(L/N)

AE ~ O(1)




Spinon orbital filled to capacity (Ns = N).

e non-uniform level splitting,

.’I’L_NS m—MZ 6_E
S N7 < N7 _N7

1 1 1

— z ) —= < Z< )

° ¢ 7Tcos(wm) 5 S _-|-2

Spinon spin interaction:

® HeI—JeZ[O'iO'j—l], O'i=:|:1,

1<J

Ly 1 1
oee—ﬂ(l 4’mz), 2§m2§—|—.

IMz| = N/2

AE ~ O(L/N)

AE ~ O(1)




Partially filled spinon orbital (0 < Ns; < N).

e filling: 0 <n,s <1,

. . n
e magnetization: |m.| < 73,
. m™wm m™wn m™mn
o orbital momentum: x = —, 23 <k<T— 287

1
e energy: ¢ = — cos(mm.) [2 sin (g ns) sin Kk — 1} .
T




Partially filled spinon orbital (0 < Ns; < N).

e filling: 0 <n,s <1,

e Mmagnetization: |m,| < %,
; TTrm TN g TN
orbital momentum: « = <kw<Tm-—
[ ] K N . 2 NKRNT 2 .
1 ) s )
e energy: ¢ = — cos(mm.) [2 sin (§ ns) sin Kk — 1} .
7T
m O N/2 N
[ | | | | | | NS
S .. 0
1 t
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Spinons in several orbitals:

o Vs <K <K< <Kt <T— Vs,

. wN$ n B oMY N - ¢
* Vi= =V; TV, i = =v —v;, i=12 t I/SZZM
2N 7 7 ) IIJ’ N 7 7 ) Y Y AR — Y
i t i t
¢ Iai,kizlu’j_z:u’ja Di,kizl/j—zyj,
j=1 j=k j=1 j=k
t—1
® Te = ZCOS i i+1 {COS Vi i+1 [COS Ki+1 — COS /a:i] + Sin V4 i 41 [sin Ki — sin mﬂ} }
i=1

+ COS [t 141 {COS Ut t+1 [cos K1 — COS /«:t} + SIn V¢ t41 [sin K1 + sin mt} — 1} :

V(K K i+1)

00O 00O

+ [y - +
Vit Y, Vir1| Vier




XX model HS model

e s/2 loop symmetry. e Yangian symmetry.




XX model HS model

e s/2 loop symmetry. e Yangian symmetry.

e Free fermions (g = 1). e Free pseudomomenta (g = 2)




XX model HS model

e s/2 loop symmetry. e Yangian symmetry.

e Free fermions (g = 1). e Free pseudomomenta (g = 2)

e Interacting spinons (g = 1/2). e Interacting spinons (g = 1/2).




XX model

e s/2 loop symmetry.

e Free fermions (¢ = 1).

e Interacting spinons (g = 1/2).

e Spinon spin coupling present.

HS model

Yangian symmetry.
Free pseudomomenta (g = 2)

Interacting spinons (g = 1/2).

Spinon spin coupling absent.




XX model

sl loop symmetry.

Free fermions (g = 1).

Interacting spinons (g = 1/2).

Spinon spin coupling present.

Motif: @ ole [0 e|o o

HS model

Yangian symmetry.
Free pseudomomenta (g = 2)
Interacting spinons (g = 1/2).

Spinon spin coupling absent.

Motif: 100001010 010 0C
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XX model HS model

e s/2 loop symmetry. e Yangian symmetry.

e Free fermions (g = 1). e Free pseudomomenta (g = 2)
e Interacting spinons (g = 1/2). e Interacting spinons (g = 1/2).
e Spinon spin coupling present. e Spinon spin coupling absent.
e Motif: [6 ole [0 e]o o e Motif: 100001010 010 0C

e Bethe quantum numbers: {my}. e Bethe quantum numbers: {m;}.
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XX model HS model

e s/2 loop symmetry. e Yangian symmetry.

e Free fermions (g = 1). e Free pseudomomenta (g = 2)

e Interacting spinons (g = 1/2). e Interacting spinons (g = 1/2).

e Spinon spin coupling present. e Spinon spin coupling absent.

e Motif: [6 ole [0 e]o o e Motif: 1000010100100C

e Bethe quantum numbers: {my}. e Bethe quantum numbers: {m;}.
e Spinon scattering: e Spinon scattering:

Oxx (ki — k:;’/) = mwsgn(k{ — k;/)éo.o./. Oms(ki — k;) = msgn(k; — kj).




XX model

sl loop symmetry.

Free fermions (g = 1).
Interacting spinons (g = 1/2).
Spinon spin coupling present.
Motif: [@ ole [0 e|o o

Bethe quantum numbers: {mj }.

Spinon scattering:

Oxx (k{ — kI ) = wsgn(ky — kS )0qr.

No
E—Eo=) Y sinkj.

oc=%x jo=1

i

. .I i_._
i
i |

AR A0

T

HS model

Yangian symmetry.

Free pseudomomenta (g = 2)
Interacting spinons (g = 1/2).
Spinon spin coupling absent.
Motif: 100001010 010 0C

Bethe quantum numbers: {m,}.

Spinon scattering:
(9[—[5(]6'7, — k'J) = ngn(ki — kj)



Observation of Spinonsin XXX Model S
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Cu(C4HyN32)(NO3)2 S®(q,w)

(a) CuPzN
H=0, T=0.25 K

_///ﬂﬁj///ff
2 (b) 2-spinon model =
J =0.90 meV w0 11
1
0.8
0 64 an
o 3 0.2
3 0
[Stone, Reich, Broholm, Lefmann, [Karbach, Mdller, Bougourzi,
Rischel, Landee, and Turnbull 2003] Fledderjohann, and Mitter 1997]

gpsit20 — p.16/21
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CsCoCl3 SO (1, w)

SPIN-WAVE EXCITATION CONTINUUM
T T T T
~ CsCoCly
T=25K A= 2.30; 4.93; 7.90; 10.9; 13.7
S50 4 4 4
& 200 | —_
& 3
i E | |
z 100 - _ 3 )
Q o
m |
0 30 x 2
25 . .
(2.8) 0 ) j )
] 0.5 1 15 2
w/l
. e

8 10 12 14 16 18
ENERGY (meV)

[Muller and Karbach 2000]

[Yoshizawa, Hirakawa, Satija,
and Shirane 1981]
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o Physical realizations
e Spinon composition of X X spectrum

 Transition rate expressions

o Free fermions
[McCoy, Barouch, and Abraham 1971]

o Algebraic Bethe ansatz
[Korepin 1982, Kitanine, Malllet, and Terras 1999]

o Product expressions for X X transition rates
[Biegel, Karbach, Miller, and Wiele 2004]

o Observability
[Arikawa, Karbach, Mller, and Wiele 2006]




Product expressions for M f (q)

8 10 12 14 16 18 20 22
I S e o
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Product expressions for M (q) = (0|55 [1a) :
0 A
[0ol2[|9A]|?
r—1 0
k;, —k k—k
[T sin® =522 [ sin® =52
_ 1<J 1<J
M (q) = L0 k ' m
HN2HSIH2 i ?||2|£|1||6||8||10||12||14||1?|1?|2?
i=1 ocooloeeeeeloo 1IN
ocolooeeeeolo0 (i,
m; My R
0 2 4 6 8 10 12 14 16 18 20 22 O0@e0O@®@@®@O0O0e0o {k?}A
I I I I I I A N A I |
OOOJ.OQ...LOOO{k?} ooojoooootooo kg
Oo0OOlce@®@@®®®O0|00 ki Oooloee@e®e®e@oo0 kg
Hq Ho M1 1
OooOle@OcC®@®O @00 (k3 OoOOle@®@O ®@® eoo kg
MR Hy Hy M| W Ho
oceoleceeo0oe®oo ki ceocjece@e@0 @00 (ki
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1-spinon dynamic structure factor:

2-spinon dynamic structure factor:

SSZi(q,w)o a 20 V4sin?(q/2) — w?

v N w? — sin? g
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1-spinon dynamic structure factor: 06 | O.ngic’, e
:§ 0.4 —‘:o°oo I 2
1) a C q . £ o N
St (q,w) = tan —d (w — |sinq|) ;
’ 44/N 2 : ot
02}
/ 3-spinon (A) e
3-spinon (B) o
0 . 1-spinon (B) =
0 0.01 0.02
1/N
0.6
2-spinon dynamic structure factor: PP
04 r c)00000o ....."oo..
(2) o 2C \/4 sin®(q/2) — w? 5 o
S—+(Q7 w)o — 2 ) E o
T N w* — sIn“ q o
02 ts
° 2-spinon  o©
4-spinon e
0 L L 1
0 0.001 0.002 0.003 0.004
1/N




1-spinon dynamic structure factor:

a C q .
SU (qw) tan =0 (w — | sinq|)
—+ 1\ 05
4 N 2 ~ _
) 04
04
\ 0.2
03}
— 0 :
. . Iz 0 0.002 0.004
2-spinon dynamic structure factor: '
0.2
o 2C +/4sin?(q/2) —w? o1
52) (q.upo & 20 VAS/?)
™ N w? — sin“ q
0 . . I¢spinon
0 0.01 0.02 0.03 0.04
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