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motif ma €m cat. motif mg €Em cat.
1 1 2J compact oTo 1 D host
1 2 2J compact olo 2 D host
00 3 J—D tag ollo 3 2D — J host
ToT 4 2J — D host olTo 4 2D — J host
Lol 5 2J — D host 7 5 D+ J  hybrid
Tol,loT | 6 2J—D host ) 6 D+J  hybrid
(AN 7 2D —2J  hybrid
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Generalized Pauli principle  [Haldane 1991]

How is the number of states accessible to one particle of species m affected
if particles (of any species m') are added?

Adpy, = — ngm’ ANm/ = dm = Am — ngm’ (Nm’ — 5mm’)

Energy and multiplicity of many-body states

M M
E({Nm}) — Epv + Z Nm€m7 W({Nm}) = Npo H (

m=1 m:1¥ Nm -,
I'(dm + Nm)
Statistical interaction coefficients I'(Np 4+ DI (dm)

® gmm > 0 for compacts and hosts

: Capacity constants
e gnm = 0 fortags and hybrids pactty
e g;, =—1 and gp; > 0 for hosts and tags e A, o< N for compacts and hosts

e g.. <0 possible for compacts e Ay =0 fortags and hybrids
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System specifications Two tasks :

e particle energies ¢, e combinatorial problem: W ({Nn,})
e statistical interaction coefficients g,,,,,,/ e extremum problem: (U — TS — uN) =0
e capacity constants A,,
. 14+ wm Am
Grand potential [Wu 1994]: Q = —kgT'InZ, Z = H ( )
m wm

1 /
. :ln(l—l—wm)—ng/mln (ﬂ>, m=1,...M

W !
Average number of particles : wm (Nm) + Y gmm/ (Ni/) = Am, m=1,...,M
Configurational entropy [Isakov 1994]:

M
SUNm}) =kp > [(Nm + Yom) In (N + Yim) — Ny In Ny — Yo In Ym]
m=1

M
Ym = Am — Z gmm’Nm’
m/=1




Lattice Gas in One Dimension
Statistically interacting vacancy particles

Jamming in Narrow Channels
Compactivity and configurational entropy

Molecular Chains Under Tension and Torque
Force-extension and torque-twist characteristics
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N cells, N4 atoms.
Two hierarchies of interactions:
e +(9): hardcore repulsion (no multiple occupancies)

e +(1): coupling between nn cells

e u(2): coupling between nnn cells

e u(3): coupling between nn atoms uy© u® u®
e u®: coupling between nnn atoms l l l
@ o0 ® 00




0 vacant

Cell variable: 7, = {

1  occupied

N
Hamiltonian: H = — > “uimm11  (nn cell coupling only)
=1

N
1 1
Partition function: Z = - =T [VN], -
D xp (52 [ulTlTlJrl + ou(m+ Tl+1)]> r s T
{m} =1
Ui+2M M
Transfer matriix;: V= © =~ ° U, = 2 = _F
e 1 kBT 2kBT
: 1
Eigenvalues: A4 = e [coshw + /sinh? w + e—Ul] : w = §(U1 +2M)
A\ 1%
H . N —
Grand potential: (T, V,u) = —kgT'IlnZ, Z =X\, |1+ ()\—) , N = v
+ c




: t : : 1
Cell variable: T :{ U vacan Ising spin: o :{ thoup

1  occupied —1 down

N

N
Hamiltonians: Hpe = — > wimmi1, Hr=-—)_ [J0l0l+1 + Hal]

N _
1
Partition functions: Z'9%) = -
2 = 3 o (53 [mmms + dut )]
{71} =1 -
N . _
Z}C) — Z exp <ﬂz [JalaH_l + iH(al +o0141) >
{o1} =1 -

Relation: 795 = z{9e=ANUHH) ) —4J, p=—2H—4J

Thermodynamic potentials: (T, V, u) = —kgT In Z\99 G(T,H,N) = —kgTIn Z}c)

LG >




|% 1%
Grand potential: Q(7T,V, u) V. kT In (1 + e ) , N .
oLy kgT
Pressure: p = — (—) — B 1y (1 + eﬁu)
A g
Q N
Number of atoms: Ny = — (8_) - -
8[11 TV 1 —|- G_B/‘L

o Bu
Entropy: S = — | — — Nkr |In(1 Bu) _ =P
Y (8T)V,,u B |:Il( te ) 1—|-e_Bli:|

Internal energy: U =TS —pV + ulN4

|l
o

Heat capacity: Cy =0
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_ N _ :
Ny = WA (density of occupied cells)
%4 1 _ 1 _ . .
_PY (1 — NA) =1+ —-Ng+... (relative to classical ideal gas)
NakpT N 7 2
S _ _ _ _ -
—— =—-NpaInNg — (1= Na)In(l — Ny) (fermionic)
Nkp
5’ L
- | equation of stats 0.8~ | configurational entropy
4+ i
~ : 0.6-
3l ,
=3 g
%_ 2 0.4
1 0.2
07 | | | | | | | | | | | | | | | | | | | OO | | | | | | | | | | | | | | | | | | |
0.0 0.2 0.4 0.6 0.8 1.C 0.0 0.2 0.4 0.6 0.8 1.0




Exclusion volume: Vg, = N4 Ve

Pressure: pVe _ _ In (1 — Vew)
kT

Entropy: o = (1 — v ) In (1 —

Relation: p =T (ﬁ)
U,N 5

Expansion: add vacant cells

Compression: remove vacant cells

1.0-

0.5

ch/ kBT

S/Naks

04 06 08

V/Vex_ 1

1.C




Isothermal compression: Vi,,; >V > Vi,

Thermodynamic identity: p =T (6’_8)
oV )i

Energy transfer: AU = AQ + AW =0

Heat expulsion: AQ = TAS =T (S¢in — Sini) <0

Viin Vy
Work performance: AW = —/ pdV = —T/
Vini

Distinguish

e kinetic pressure
e interaction pressure

e entropic pressure

n

Vini

(

o5
oV

) dV =-TAS >0
U




method of analysis

transfer matrix

statistical interaction

fundamental degrees
of freedom

interactions

number of cells
number of atoms
ensemble

boundary conditions

individual cells
(vacant or occupied)

between cells
(nn, nnn, etc.)

fixed
fluctuating
grandcanonical

periodic

vacant cells
(individual or clusters)

between atoms
(nn, nnn, etc.)

fluctuating
fixed

grandcanonical

open
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Ground state: lll--- B (N4 occupied cells)

nn coupling between occupied cells: nn coupling between atoms:
motif  category €Em motif category €Em
HON host pVe + uq HCN compact  pV. + ug
] tag pVe MM compact 2pV. + u9

HEE R

| | |
Uq Us
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Hosts and tags

motif  category m €m Am o h t
[ host h pVe4+ur N-—1 h 1 0
L] tag t pVe 0 t -1 0

Compacts
motif category m €m Am a1 2 1
HON compact 1 pVe + uq N —1 1 1 1 1
[ compact 2 2pVe+4+wue2 N —1 2 0O 1 1

MW compact 3  3pVe+us N-—1 3 0 0 1
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Gibbs f G(T.p) = —kpTn (14 5" Ky =2k, =
ibbs free energy: G(T,p) = —kpTIn Kp 1)’ P kT’ Y kT

_ 1 _ 1
Population densities: (N;) = , {(N¢) =
opuiation < h> 1+ eKu (er + 1) < t> (er o 1)[1 + GKU (er + 1)]

Vol Y 1w N -
me: — 1= -
olu v (Np) + (Nt) (eKr —1)[1 + eFu (eKp 1 1)]
3 1 e"r (Kp + Ku) — Ku
Entropy: — =1n (1
mopy- o = ( T oK (Fr + 1)) (efr = 1)[1 + eKu(efr +1)]

Limiting cases:

S |4
e u; — +oo. — — 0, —1—-0
kg Vex
S Kp — K V 1
: —1 (1_ p)) o 1
o u; — 0 kB_>€Kp—1 n € Ve _>er—1
5’ Kp —K 4 1
¢ T kg - ellp — 1 " ‘ Vea - 1 —e Ep




Gibbs free energy: G(T,p) = —kpT In (1 + Z e—Km> K, = mpVe + um

kpT

m=1

G_Km

00
3 e
m’/=1

Population densities: (N,,) =

Limit of zero inter-atomic coupling (u,, = 0):

oo
G(T,p) = —kpTIn (Z e—pr> = kpT'In (1 — e_KP)
m=0
B e—pr
(Nm) = = e MEp (1 — e_KP) (Pascal distribution)




Vv 1 pVe

Volume: — 1= , K= (bosonic)
Vea el —1 kT
S K
Entropy: = —In (1 — e_K)
NAkB eK —1
Cp K2eK

Heat capacity:

Nakp  (eK —1)?

Work performance: AW = —pAV = —AFE

Tf’in
Heat transfer: AQ = Cpdl = +AFE
Ting
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ukgT =0, 0.5, 1, 2, !

u/ksgT=0, 2, 4, 6,00

—_————

14}
- uksT=0,-2,-4,-6,-8,-10
12F
10}
[ L
g8
2 6
4t
2,
07 I 1 . ! . ! . .
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Lattice Gas in One Dimension
Statistically interacting vacancy particles

Jamming in Narrow Channels
Compactivity and configurational entropy

Molecular Chains Under Tension and Torque
Force-extension and torque-twist characteristics
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Three regimes:

1. 1< H/o <1+ 4/3/4: all disks in contact with wall
2. 14+ +/3/4 < H/o < 2: some disks jammed by three disks

3. H/o > 2: non-local jamming condition
5 (a)

AVDIAN N7
stopper C)Qd} - IH NTATAR/ AV

- [7V N
% 0 C§> 00 (b) (c)

regime 1: 4 tiles regime 2: 32 tiles

Bowles and Saika-Voivod (2006) Ashwin and Bowles (2009)




Configurational entropy (regime 1)

S - - - - - - _
— =1-=-V)In(1-V)=VInV — (1 -2V)In(1 —-V), V=— V=
kp o N

-1 T 3
Compactivity: X = (—_> = —, X =
p

0.5-

po/2kg T

0.2- T/p>0 T/p<0

0.0 0.1 0.2 0.3 0.4 0.5 000 005 010 015 020 025
2V /o 2V/o
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Motifs of statistically interacting particles

vacuum elements [ ] vil+y o+ =Gl
pseudo—-vacuum o] T 2+v+2 [t ol = ol mim
particles 1 and 2 o P 1+2+1 mO*O-d =i

Specifications of statistically interacting particles

motif category m v, Em A, G s 1 9
Omm
mO0  compact 1 20  Zop+~y 1(Na-—3) 1 s 1
mOo
Omm compact 2 1o fop—~ 1(Nas-—3) 2 1 3




Phase Separation i

k 2y/op=0,0.50.90.99,61.01,1.1,1.5
os-
- 0.481..
0.4
$03
Y T AFer |
0.2 |
[ :
0.1 |
0.177.. 0.276..
0.01111l1111l1111l11|11l1111l1111l1111
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.3

2V /o
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Tiles of three kinds: high-density — interface — low-density

03 L |

T I WO W
08 03802 0.804 US{HU.&B 0.81
®,

L L 1 L 1

0.65

Ashwin and Bowles (2009)

07 0.75 0.2

%



Particles of three kinds: compacts — hosts — hybrids

motif category m  um Am
HCN compact 1 vi Ny —1
HORONR host 2 va Ngp—2
| AN | hybrid 3 V3 0
Ho R hybrid 4wy 0

Imm 2 4
1 1 1
2 2 1
3 —1 —1
4 —1 0




32 tiles 4 particles

04 [ P TR U T
0.8 0802 0.804 0.806 0.808 081
4
03 1 " 1 M 1 L !
0.65 0.7 0.75 0.8
o,

2V/o




Lattice Gas in One Dimension
Statistically interacting vacancy particles

Jamming in Narrow Channels
Compactivity and configurational entropy

Molecular Chains Under Tension and Torque
Force-extension and torque-twist characteristics
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Torsionally Constrained DNA

Torsionally Relaxed DNA

ﬂ i T T T T T T L) U ¥ T ¥ T LI T
0.30 0.34 0.38 042 046 050 054 058
Extension (nm per base pair)

150
f
——Sigma=0
’g' _
Cover glass 100 — Sigma=-0.238
o i
% ﬁ..mgggmamu{}.f‘%'f§
L ~Sigma=-0.595
‘E: | r‘k:.‘j 3 Jos T4
p 50 Si{itia L
E ---Sigma=-0.774
;E —-8Sigma=-0.833

——Nicked DNA

Objective 02 04 06 08 1 12 14 16 1.8

Extension (relative to B-form fully extended length)




Molecular chain of N links (N > 1) under minimal tension and torque

Eil I I I I e l:g uniform reference state
1 2 N

?.:I I I I I e l:ﬁ periodic reference state

g:I I I I I e l:; aperiodic reference state

I ’ I distinguishable molecular units

II ’ I I ’ I I ’ II elements of vacuum
I I + I I = I I I interlinking motifs




Applied tension J causes extension: AL =" (Nmy)Lm, m=1,2,...

Particle activation energies: ¢,,, = By, — JLy,, m=1,2,...

compact 1 compact 3

1 1 J
HIECENE=RE—ENEd)—

compact 2

II+ IDI:IIDI vac. + comp. 2
IDI+IEI=IDIEI comp. 1 + comp. 3
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Uniform vacuum

motif  category m €Em Am Imm
Chain of N links

One species of compacts I vacuum  — — — —

MM compact ¢ B.—JL. N-1 1

Entropy landscape:

S/kp = —NcIn N — (1 — N.) In(1 — N¢) 0.8-
Gibbs free energy: 0.6
G(T,J) = —kpTIn (1—|—6_KC) |§;0.4
Particle population density: 0.2
NC:K;,KCiBC_JLC
eKe +1 kBT %80 0.2 0.4 0.6 0.8 1.
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G(T,J) = —kpTIn (1 + e_KC) (Gibbs free energy) K. =

kpT
L=— (8—G> L _ L:.N. (excess length)
8J T GKC —|- 1
_ oG K
S=—(=—=) =kpg|ln(14+e Fe)+ —"—| (entro
(aT), B[n( te )+€Kc+1] (entropy)

U=G+TS+JL=—"5" (internal ener
+ TS+ Korq gy)

1.0

i | kgT/B. = 0.05, 0.1, O.
0.8 ksT/B. = 0.05, 0.1, 0. f
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Additional control variable 1. (chemical potential)

Thermodynamic potential:

=(T,J, pe) = —kgTln (1 + e_KC_“C/k’BT) ,
Legendre transform: T'(T, J, N.) = (T, J, ptc) + e Ne

 kgT
(T, J, N o _ _ Be — JLe\ -
( - ©) Nl N.+ (1— N)In(l— N.) + ( o ) N,
1.0,
_ (Be-JLo)/kgT=1,0,-1
( or ) 0.5-
= =0 [
ONe /1 g i
_ 0.0y
1 2
[~ i
= N _ -0.5-
© eKe 41 :
-1.0f
~15
0.0 0.2 0.4 0.6 0.8

. 1.C
Nc




Applied tension J causes extension, AL = (Np)Lp + (Nt¢)L¢, Or rupture.

Particle activation energies: ¢,,, = By, — JLy,, m = h,t

LI S ,
HINciEloofooolEl)—
h h

IDI+IDI=IDIDI host + host
ol +oo={[]oo[] host + tag

o+ b= 0nd tag + tag
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motif  category m €Em Am Gorrm/ ho ot
[ | host h Bh, — JLh N —1 h 1 0
L] tag t Bt — JLt 0 t —1 0

Entropy landscape and BE limit:
S/kB — (Nh + Nt) ln(Nh + Nt) — (1 - Nh)ln(l - Nh) — QNh lnNh - Nt 1.‘[1Nh

Nh
_ 1.0 g I
B _ B B N’% | =
Ny, = N Ny, Ne= —"h ,
b h + NVt t (1= Ny) 0.8 :

S/kp = (14 Ny)In(1 + Ny) — Ny In N, O-Of

0.4
0.2

0.5 1.0 1.5 20
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Gibbs free energy:

_ By — JL
Gwnj)szT[m(1—e—Kﬁ-—m(1—e—Kr+64%)], K = 2 ™ mo=ht
kT
Population densities of hosts and tags:
N, — 1 N, — 1
" Tl feKn (1 — e Kt)’ T (eKt —1)[1 + eBn (1 — e Kt)]

Excess length: L = N, Ly, + N¢L¢ k
1.5+ KkgT/B, =0.05,0.1,0.2

Thermal expansion: : B/B, =2, Li/L,=1
1 kgT/By>1 kpT/By

_ —

et — 1 1—JLt/Bt

L/Lp,

?IDD.D.DDD[@QL

0.0 0.5 1.0 1.5 2.C
JL./Bh,
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motif  category m €Em Am

BN host h Bh — JLh N —1 h 1 0

(> cap p Bp—JL, 0 p -1 1

Entropy landscape and:

S/kﬁB = —(1 — Nh) 1Il(1 — Nh)
—(Ny, — N In(Ny, — Np) — N, In N,

Maximum-entropy mix:

Nu= 5 (8 +V/Fpa-3,))

p




Gibbs free energy:

G(T,J) = —kpTIn (1 +e Br 4 e_Kh_Kp) :

Population densities of hosts and tags:

i

TTHT]

AR SR

p

_ 1 —K _ -K
Ny = bk pK’ Np = - K
1+ efn e 5p 1+ efn +e™
Excess length: L = N, Ly, + NpL, 2.0
1.5
o>ofjfo> I g
5 1.0

kgT/B;, = 0.05, 0.1, 0.2
BC/Bh = 2! LC/Lh - 1

0.5
I Be/Bh=1
I Bc/Bnh = 0.5
0.0' TR N S S S S T R S
0.0 0.5 1.0 15 2.0 2.5

JL/Bh




Applied tension J causes extension, AL = (Ny)Ly,.

Fluid particles modify elasticity (entropic effect).

Particle activation energies: €¢;, = By, — JLj,, €t = —ut, €c = —jic.

h h+c h+t h + 2t

[ I [ I [ I 1 J
ool o Dl@
HiloREcENcERNcE)—

]

ol +H=10 host + t
100 +2=00  rosteag

ol + 8 =g host + cap
ol +9-Nok
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Gibbs free energy:

- By — JL B
G(T,J) = —kpT1n (1+e—Kh +e—Kh—Kp), K, = 2k hoK, = P — __Hp
kT kT kT
Population densities of hosts and tags:
_ 1 —Kyp _ —Kyp
Nh — re ) Np — c
1+ eKn 4 e Ep 1+ eKn + e Ep
Excess length: L = N, Ly 1.0:4(BT/Bh = 0.05,0.1, 0.2 )
Bp/Bn=co, Lp/Lp=0 /
0.85 Bp/Bh = O I,l/
By/Bn=-025

J = 0.6/
ol[o Dl@—» =
HioBNoNEN: 2%

0.0 05 10 15
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Gibbs free energy:

- 1 — G_Kt By, — JLy, Bt Ut
G(T,J)=kgTIn , - :

Population densities of hosts and tags:

_ 1 _ 1
N — s N —
S N T IR N ()
Excess length: L = N, L, 1.01
0.8
tlgllmlllgl@_’ S e KeT/By = 0.1
0 04 By/Bh=1,0.1,.
; .,0.01,0.00
0.2
0.0—=—
0.0 0.5 1.0 1.5 2.

JLy/Bh
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Causes: torque 7 and tension J.
Effects: twist A¢ = (N.)¢. and contraction AL = —(N.) L.
Activation energy of compacts: e = B. + JL. — T¢e.

3C cC C 2C C

I I 1 I V\T
IABNABRL —
J

II"‘ + II: II vac. + comp. + vac.
LO00- 0of - O -
C 2C

vacuum 1

3C




_ Bc Lc - C
(T, J,r) = —kpThn (14 e Ke) | Ko = tJLe =79
(9J T,7 GKC —|— 1 87’ T,J GKC —|— 1

_ oG K
S=—(—=— —kp |In(1+e Fe -
(8T>J,T B[n< te )+6K0—|—1:|

5f 5j ey
: : entropy S/kg
4 4; N e
; |
=2 =2
1 1P
0 0




Pseudo-vacuum: ¢p,, = N¢o, Ly, = NLog
Twist: A¢ = (N1)p1 + (Na2) o

Contraction: AL =

(N1)L1 4 (N2) Lo

Activation energy of compacts: e, = B — J(Lim — Lo) — 7(ém — ¢0), m = 1,2
“1 C; Gy 2c,+ 2¢,
1 .
EEl L9l=0RE=0=0g0)—
L1>Lg ]
¢ <®
AJ>0 AT>0
K T = const J = const
L,<L
oo W ENTNEEL
AJ>0 AT>0 @=const
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motif  category m €m Am G | 1 2
BB compact 1 By —JALi+7A¢ 1 N -1 1 L1
BOM compact 2 By +JALs —7A¢s N —1 2 0 1

Entropy landscape:
S/kp = —N1In Ny — Noln No
—(1— N1 — No)In(1 — N1 — N»)

Maximum-entropy mix:
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~ Bm — J(Lpy — Lg) — m —
G(T, J, 7') = —kpT'In (1 + G_Kl + 6_K2) , K, = ( 0) T(¢ ¢0) m=1,2
kgT
_ e_Kl _ €_K2
N — N —
(V1) 1+e K1 e K2’ (NV2) 1+e K1 4 e K2
. . . B (N1)  Aga
Stretching at constant angle: (N1)A¢1 + (N2)Agpas =0 = —— = = R = const.
(N2)  A¢a
_ _ 1 10+
(N1) = R(N1) = , 4
ek —|—% (N1) = R(Nyp)
8,
R [Bl — JALl] i
Y"1+ R\ kpT 6
i 1 Bo + JALo In R S
14+ R kT 14+ R 4

ALy =L1 — Lo, A¢1 = ¢o— ¢1

ALy = Lo — L2, A¢a = ¢2 — ¢o 0-
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