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We describe the effects of boundary slip in spin-polarized quantum liquids
and gases. The slip coefficients in boundary conditions form a 3 x 3 matrix.
The off-diagonal coefficients are expressed via each other with the help of the
Onsager relations. We calculate accurate lower and upper bounds of all slip
coefficients for polarized degenerate Fermi liquids and for dilute gases at
arbitrary temperatures. The calculations are based on the transport equation
for spin-polarized systems with diffuse boundary conditions. The results
for gases are especially simple in the limiting cases of low-temperature
degenerate systems or in the high-temperature classical Boltzmann regime.
All slip coefficients are proportional to the mean free path and increase with
increasing spin polarization. As a by-product the theory describes the slip
effects in binary mixtures of classical gases or Fermi liquids when the role of
spin polarization is played by the concentration of the mixture.

1. INTRODUCTION

Physics of spin-polarized quantum systems is a rapidly developing
branch of condensed matter physics at the intersection of atomic and low
temperature physics. As always, such a fast development has its own draw-
backs. Though we now understand, at least qualitatively, the vast majority
of quantum effects in spin-polarized systems (see, e.g., reviews'™), some
crucial parts of the overall picture are still missing.

The most important of these missing parts is the systematic description
of boundary effects. While the bulk properties are studied in detail both
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experimentally and theoretically, the boundary processes are touched only
occasionally. Without a proper understanding of the boundary processes it
is unrealistic to expect reliable results especially at very low temperatures
when a rapid increase in mean free path makes the interaction with bound-
aries more and more crucial.

In this paper we focus on an important class of boundary phenomena,
namely, on the boundary slip. This choice is not accidental, and is dictated
by current experimental and theoretical needs. For technical reasons,”* % '°
the experimental cell with polarized helium or hydrogen is often connected
by a long diffusion channel with a chamber with different temperature
and/or magnetization. These large gradients cause spin, thermal and mass
flows. Though the source of these diffusion currents seems to be rather
technical, such currents are practically unavoidable since the gradients
always exist in experiments with systems in long-lived quasi-equilibrium
polarized states. In the case of large gradients even a seemingly negligible
boundary slip results in large mass, heat and spin flows through boundary
layers. The thickness of these boundary layers is determined by the slip
length ¢, and is proportional to the mean free path /. Since the mean free
path and, therefore, the thickness of boundary layers in quantum gases
increase dramatically with spin polarization,” !! the accurate interpretation
of the existing experiments should be based on the use of slip boundary
conditions.

From a theoretical point of view, the study of boundary slip in spin-
polarized quantum systems has an additional attraction. In ordinary
situations, one deals with two gradients (driving forces): gradients of mass
velocity and temperature, and two responses: boundary mass and heat
flows. Therefore, one has four slip coefficients that relate the responses
(flows) to the driving forces (gradients). As a result, the slip coefficients
form a 2 x2 matrix [two off-diagonal coefficients obey the Onsager rela-
tion and are not independent]. In spin-polarized quantum systems one has
an additional driving force—the magnetization gradient, and an additional
response—the boundary spin current. Now the slip coefficients form a 3 x 3
matrix with 3 independent off-diagonal coefficients, resulting in more
diverse phenomena.

Another attractive feature of spin-polarized quantum systems is the
possibility to pursue a model-free description. The ultra-quantum nature of
low-temperature helium and hydrogen systems allows one to develop a
fairly accurate theory despite all the complexity of the underlying processes.
What is more, the spin polarization makes the macroscopic manifestations
of quantum phenomena more noticeable and accessible than in more
traditional quantum systems. On the other hand, a consistent experimental
verification of the theoretical analysis becomes more straightforward since
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some of the most accurate experimental approaches are based on the NMR
technique.

The exact values of slip coefficients are seldom known. The most
detailed information was obtained for rarefied gases'?™*® with possible
applications to vacuum technology, high altitude flights and space research.
We know of very few experimental and theoretical attempts (see Refs. 9, 11,
and 19-26 and references therein) to describe slip phenomena in quantum
liquids and gases.

In this paper we study boundary slip in spin-polarized Fermi liquids
and quantum gases. The spin polarization makes the systems analogous to
two-component mixtures (of up and down spins). As a result, the number
of equations doubles. For Fermi liquids the caiculations are based on a
gas-like character of the quasi-particles. Additional simplifications are
related to large wavelengths of particles of quantum gases.

We want to determine the slip length, derive proper Onsager relations,
calculate the values of slip coefficients, and to apply the results to
longitudinal spin diffusion in spin-polarized quantum systems such as
normal liquid *Het, liquid and gaseous *He?-*He mixtures, >He? gas, and
H| and D| systems, etc. As a by-product, we will get a theory of slip
phenomena in binary mixtures of quantum or classical gases for which the
concentration of the mixture plays the role of the spin polarization, while
the spin diffusion current should be substituted by the usual diffusion.

We start from the general spin diffusion equations of Ref 11 with
viscous renormalizations of the type®” for spin pressure diffusion terms (see
also the review®). This allows us to get proper Onsager relations and to
evaluate the influence of slip terms on hydrodynamic and diffusion flow in
spin-polarized systems. Our calculation of slip coefficients is based on the
methods developed in Refs. 22 and 24. We use the transport equation in
relaxation time approximation with diffuse boundary conditions. The
accuracy of the relaxation time approximation for spin-polarized quantum
gases and liquids is reasonably high (see, e.g., review®). The applicability
and the limitations of the diffuse boundary conditions are less clear.?* 26
However, the diffuse boundary condition is still one of the simplest
universal boundary conditions which combines effects of surface roughness
and energy and momentum accommodation. There are certain indications
that these effects may have somewhat different influence on boundary
slip.’2%2¢ We plan to return to this problem later.

2. MAIN DEFINITIONS

The presence of a new variable, namely, the spin polarization, leads to
the dependence of already known slip coefficients on spin polarization or
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magnetic field, and to the increase in number of equations with several new
coefficients.

We are interested in “longitudinal” effects which are not accompanied
by changes in the direction of magnetization. For such processes, a spin-
polarized Fermi liquid (or a gas) is similar to a binary mixture of spin-up
and spin-down components.” Then most of the effects can be described
using the terminology inherent to binary mixtures. The degree of spin
polarization « plays a role similar to the concentration of the mixture of
the (spin) components ¢ which are denoted by the indices ( +):

. m,N, (x_N+—N__c/m+~(1-—c)/m_
"m,N,+m_N_’ TN 4N ¢m,+(1=c)m_

(1)

It is convenient to use as an independent variable not the concentration ¢
or polarization «, but the chemical potential u which is conjugate to ¢ and
is expressed via the chemical potentials of (spin) components u, as

1 1
Vﬂ—m+vﬂ+ M~V#~ (2)
We are interested mostly in spin-polarized quantum gases for which, with
a rather high accuracy, m, =m_.° However, our results are applicable
for any two-component gases for which masses of particles belonging to
different components », and m_ may be different. The same is true for
spin-polarized Fermi liquids. For this reason, we will keep two different
masses in Eq. (2).

The possible difference in masses of particles from different spin com-
ponents forces us to make the following choice. We can work either with
mass concentration ¢ and mass currents, or with particle concentration
(like «) and particle flows. The former approach is standard for
hydrodynamics of mixtures, while the latter seems to be more suitable for
spin dynamics. Though the results for both approaches are similar, the
transition from one representation to another can be rather annoying,
especially if m, #m_. Throughout this paper, in contrast to Ref. 11, we
will follow consistently the hydrodynamic approach and work with mass
concentration and mass (diffusion) currents exclusively.

Bulk mass diffusion current is defined through the mass currents of the
spin components as

ib=j;—i-=—-DpVq, (3)
and can be expressed via Vu using the relations
d3p afg(_])
== — —— — 4
VN v lLJ‘(27th)3 de @
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where [ are the equilibrium distribution functions for different (spin)
components. Note, that the spin diffusion current j, and the spin diffusion
coefficient D, are usually defined in a form which is somewhat different

from Eq. (3):
js5j+/m+ —j_/m, = *DSNVOC

Slip boundary conditions express boundary values of hydrodynamic
flows through the gradients of hydrodynamic variables. In case of spin-
polarized systems, the general slip boundary conditions should have the
following form (cf. Refs. 11 and 28):

ou,(z -0
n(z=0)=ay P04 Yz =0) 40, VT =0)
30=0) =y MEZ s Vue=0) 4 VTE=0)  (5)
' ou(z—-0
Q(=0)=ay 22 40 Vi (2=0) 0, VT =0)

where the index r marks the components of vectors along the boundary
z =0, u is the hydrodynamic (mass) velocity, J and Q! are the additional
surface mass diffusion current of spin components and heat flow caused by
the boundary slip, «; is the matrix of slip coefficients. The off-diagonal
components of the matrix «, are related to each other via Onsager
relations (see Appendix A). The currents J© and Q' are defined as

19=["de Liple)=in()],  QV=[" d[aG)-a()]  (6)

where q is the density of the bulk heat current. In what follows, we will
determine the values of the slip coefficients «,. In linear systems we can
calculate all slip coefficients one by one, independently of each other.

3. SLIP LENGTH AND RELATED COEFFICIENTS

Let us start from the most commonly used coefficient, namely the slip
length £=a,,. The slip length describes the difference between the real
boundary value of the mass velocity n(z = 0) and the hydrodynamic bound-
ary condition #(0)=0 (see Fig. 1). The diffuse scattering from the wall
z=0 affects the velocity profile u(z)=Ru(z). The deviation g,(p) of the
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u(z)

L Liquid z

-
11 0

Fig. 1. The schematic velocity profile u(z) near the wall z=0. The slip length £ =aq,, is deter-
mined by the intersection of the tangent to the curve with the axis z.

distribution function f,(p) of the type « (spin-ups or spin-downs) from the
local equilibrium f°)(¢ — pu) satisfies the transport equation

(0)
_vsz“((z) 60; —;—ra_ﬁlgﬁ (7)

08,
z 0z

1)

In many cases, including dilute spin-polarized quantum gases and
Fermi liquids, the matrix of inverse relaxation times 7,;' is diagonal with
known diagonal elements 1/7, and 1/t _ (see Refs. 2 and 9). However, to
keep the results applicable for arbitrary two-component mixtures, we will
work with an arbitrary symmetric matrix 7_;'. The characteristic numbers
for Eq. (7) are '

171 1 1 1 1\? 4 12
/112:"_“ — 4 — i_ — = + -
’ 2\1, T_ 21\t T_ T, T_,4

and the general solution of Eq. (7) has the form

— —1.'712/1;Z # ’ 1t af/’SO) —r‘l(z—z’)/vz
gulz) =e gy 0) + | de poul(2) TS e ®)

with the matrix

—tGlelv, — yr—1,—Ayz/vz p
e I =U_"e U, {9)



Boundary Slip in Spin-Polarized Quantum Systems 61

where U is the unitary matrix which diagonalizes £ ~'. The diffuse scatter-
ing by the wall corresponds to the following boundary conditions at z = 0:

o
J¢

. 0) .o iy
E j dz' u'(z') o 71
58 o

8z2=0,0,>0)=p,u(0)

g(l(ZZO’ UZ<O)=—«pX

(the second equation is equivalent to the condition g(v, <0, z— o0 )=0).
The solution (8) of the transport equation (7) with these boundary condi-
tions is

of”
O
F, (0) o iy

g“(z, UZ<O) =—p, j;ﬂe f dz' u’(z’) efapl(z —z)/v;

z

g.(z,0,>0)=p, [u(O) e J dz' u(2') e =" Z')/"’]
0

(10)

Following Refs. 22 and 24, we parametrize the derivative of the mass
velocity u(z) as

u(z)=ue[1+y(2)] ' (11)
Then, by definition (see Fig. 1), the slip length ¢ =«,, is equal to

u(0)
i =22 (7 e yz) (12)
Uy Yo ‘
where u,, =u'(z — o), and the function (z) is positive and small.
Since all the currents are time-independent, the total momentum flow
of both components satisfies the following equation:

aI—Ixi — an,xz(z) _
or, 0z =0 (13)

and is constant across the liquid. At z — co this flow is equal to —#nu/,, and
therefore, can be written at arbitrary z as

, d’p
M= =i =3 [ oo P02 (14)

where y =7 +#_ is the viscosity [definitions of partial viscosities of spin
components #, and their values for two-component quantum liquids and
gases are given in Refs. 9 and 117.
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With the help of the functions L{*(z),

(0)
L;“)(Z)= —-j d3p afﬂ 2.0, n—1

—rv—lz/vz
oo (2Rh) Oe DU T,, €k (15)

Eq. (14) can be written as

= %~ (0) L)~ 20, LEO) 410, L)

[ L) (16)

On the other hand, at z — co the derivative dg/0z =0, and, according to
Eq. (7),
o
=u — 17
grx(oo) “ooraﬁ 68 P,v, { )

Jeading to the following expression for partial viscosities through the
functions L,:
3

d
1= = [ G <0 8:() = 2LE0) (18)

Egs. (12) and (18) should be substituted into Eq. (16):
%y Z Lga)(z) - Z L(za)(z)

- [" @ @ T L2 - L] (19)

or, at z=0,

a1y 3 L)~ T LE0)
= [T a@ w) LILPE) - L) (20)

We can use this expression to calculate a lower bound for «,,. Since
the expression in square brackets in Eq. (20) is obviously negative, and
Y(z)>0, the slip length satisfies the following inequality:

X, L590)

S LP0) el
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The values of L,(0) for different temperature regimes are given in
Appendix B.

To determine an upper bound for the slip length «,,, we should
integrate Eq. (19) using the identity dL{*(z)/dz = — L™ (z):

oy ), LE(0) = 3 LE(0)

_ jO“ dz' Y(z') ¥ [L§Nz') — LE0)] (22)

This immediately gives us

LE(O |

The functions L,(0) are given in Appendix B. In the same way as in Ref. 22,
we can find a somewhat improved lower bound:

1Y, L{0) 13, L{(0)
U >3 73 5 @
2%, L190) 2%, L5(0)

(24)

Let us turn now to the off-diagonal slip coefficient a,; (5). The bulk
mass diffusion current for spin components (3) has only the x-component
and can be defined as

3

.. . , d
Jp=J+—J_ Ja=f(—2—7%gpxga(p,2) (25)

with functions g, given by Eg. (8). Obviously, there is no diffusion current
at z — oo, and all spin diffusion (25) is caused by the surface slip exclusively.
The total additional surface diffusion current J*' (5), (6) gives the slip
coefficient ay =J®/ul_.

After some simple transformations with the help of Egs. (10) and (11),
the expression for diffusion current reduces to

2 u(0)
u, oy

K@) +KL()

~[[ @Y K=+ [ d ) KO 1) (26)
0 z
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The functions K, in Eq. (26) are very similar to the functions L, above
Eq. (15):

3 af( )
(o} — p 2 n—1_n—1 —r, z/vz
Kn (Z) L -0 (27Zh)3 58 p Tw € ? (27)

After integration in Eq. (6) we get

Iz _u(0)

5 = E K (2) - K(0)] - [K{(2) — K9(0)]

__J-z dZ” J‘Z dZ’ l/j(Z,)K{a)(Zn_Z/)
1) 0

+ Jrz dz" jw dz (') K9 (|2 — 2")
0 z"

(28)

In the last two integrals we can change the order of integration and
perform a simple integration over z":

1@ _ =0 [K(e) — K(0)] - [KE() — K 0))

oo

- Tz y(z') K$(0) + j dz' y(z') K2 — 2)
[\] 0

7@ e KO~ + | d y @) KPO)

[T a v k)
\]

(29)
After some algebra, the last equation is transformed to
(s)
L8 D) [ o) - K§9(0)] — [KE(2) — KE0)]
uao o0
+ [y RS 12— 7 ) - KEE)] (30)
0

and at z — oo reduces to the following form

s) _gG)
L) T M K 0)- K5 O))

Ay =

+ K (0)— K5 (0)— j: dz YK ()~ K5 ()] ()
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Now we can substitute #(0) by «,, using Eq. (12):
oy = —ay; [K3(0)— K5 (0)]+ K5 (0) — K5 (0)
— |7 d K () KO- KS () + KO0 (32)

With the help of Eq, (22) this equation can be transformed into

Ly(0)+L;(0) K7(0)-K5(0)
Ly (0)+Ly(0) K7 (0)—K5(0)

oy = —(K;(0>~K;(0))[

Li@)+Li() Ki()—K; ()
- (Lr(0>+L;(0)‘K;(0)—K2(0>)]

It can easily be checked that the integrand in this equation is positive. This
gives us an obvious upper bound for «,,:

iy, < — (K3 (0) = K5 (0)) [LJ(O)+L2'(0)_K3+(0)-K3_(0)] (33)

LT(0)+L7(0) Ky (0)—K;(0)
We can get another bound by writing Eq. (26)

0>]D€O)

o

>~y [K{(0)— K7 (0)]+ K57 (0)— K5 (0) (34)

On the other hand (see Fig. 2},

J(S’sroj,)(z) dz<1jp(0){ <0 (35)
0

where the length { is given by

Jnl0)
7o(0)

{= (36)

According to Eq. (26) (cf. Eq. (34)),

"0
ju(, )<0<11[KJ(0)—K0_(0)] —[K7(0)=K7(0)]

(o o)
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i (O
JD()

Fig. 2. The schematic profile of the diffusion current j,(z) near the
wall z=0. The current density at z— oo is zero. The total slip diffu-
sion current J¢ is the area between the curve and the axis z. The
length { (36) is determined by the intersection of the tangent to the
curve and the axis z.

This condition, with the help of Eq. (35), gives another upper bound for
1 jp(0)

< —_—
S T2 jpl0)

1 Loy (K (0) — K7 (0) — (K5 (0) — Ky (0) ]

7
2 KO- K O — (K O -k )

Other bounds for the coefficient a,, can be obtained by calculating the
bounds for the coefficient «;, and using the Onsager relation between the
coefficients «,, and o, (see Appendix A, Eq. (A.16)):

o\~ p*Dn [p.—p_ —n_
a21=t1a12+( ) d ’l[ +—P- B+~ }, p.=m,N, (38)
dc) 2p.p_ p 1

The lower bound for «,, and, therefore, for «,, (38), will be given in the
next Section.
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Now let us turn to the coefficient a5, in the boundary conditions {5).
The partial heat currents of the spin components are defined as

3

d
4= | G e 802 g=a, 4 (39)

where g, are again the solutions of the transport equation (10). We will
define a5, through the surface heat flow Q) (6), a5, = Q“)/u’_ . The calcula-
tion of the lower bound for a5, is exactly the same as for «,,. Then the only
differences between the bound (33) for «,, and the corresponding equation
for a3, are the sign between the contributions spin-ups and spin-downs and
the use of integrals M*,

. d3 af(o) B
MG = =] s vpl e e (a0)
vy >

instead of K* (27):
203> —o [M7(0)+ M35 (0)]1+ M5 (0)+ M5 (0) (41)
We can easily get a bound which is similar to Eq. (37):

1_4%0)

2 -
ST, 40)

< L an(M(0) + M1 (0)) — (M57(0) + M (0))7?
2 ay [M7P(0)+ Mg *(0)] — (M7 (0)+ M7 (0))

(42)

Later we will determine another upper bound for u;; by calculating
the upper bound for «,; and using the Onsager relation from Appendix A.
This will be done in Sec. 5.

4. SPIN DIFFUSION AND SURFACE SLIP

The next step is to calculate slip coefficients related to spin diffusion,
0y, 045, and az,, Eq. (5). Here we assume that the bulk gradient of spin
polarization is associated only with V. x(z), Egs. (2) and (3). Then the
transport equation assumes the form

08 ofe _
Dz*(,;—vxvx M=y = —T4'8p (43)
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with the diffuse boundary conditions:

g(z=0,0,>0)=0,

f(m {44)

o J dz’ Vua = gty
0

=0 0
g.(z=0,v,<0)= o

Z

The solution of Egs. (43) with the boundary conditions (44) has the form

(0)
gz, v,>0)=v, Of J”“V# e"zﬁ(z =)o,
o U,
af(O) (45)
g2, 0. <0) = —v, — J v, V ppes @ e

The mass and heat currents for different spin components, Eqs. (25) and
(39), will be expressed via integrals

Q%) _ of eyt {1
{V:(Z)}—_Lz>o(2nh) Je Top PaUxV: T € W {Uz} (46)

With the notations

Ve ta(2) = Ve (0 )(1 + ¢(2)) (47)

the currents (25), (39) can be written as

Ju(2) ) ) . ,
vxua(oof_2Q2(°)+Q<2>(2)“f0 dz’ §,(2) Q12— ) w

4,(2) . X o ,
Vx,ua(oO)z =2V3(0)+ Vz(Z)—J0 dz' (') Vi(lz—2'])

where ¢ is negative, ¢(z) <0, and small.

Let us now use the condition that the total bulk mass current
j=j. +]j_ goes to zero at z— oo, while the total mass diffusion current of
spin components, j,=j, —j_ is non-zero and equal to —pDV, c:

07 (0) Vi (0)+02,(0)V, p_(c0)=0
—2(Q5(0) Vi pr 4 (0} — Q5 (0) Vi st _(0)) (49)

Bu\ 1
=—pD(—”) V. (o)

oc/p r
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where V, u=Vu  /m_ —Vu_/m_, Eq. (2). According to Eq. (49),

Vxﬂi(oo)=+ m¢Q2Tr(0)

"y "m0 (0)+m_Q,(0)

V. () (50)

The bulk spin diffusion coefficient D can be expressed via the functions Q,
as

ou\ 05(0) 05 (0)
D<?7?>p A )+ m 05 (0) 1

Now we can estimate the coefficient a,,. The part of the total spin
diffusion current, which is related to the surface slip, is equal to

Jo(z)—jp(0)
pD(0c/ou) V, p(o0)

0(2) 0,() =, 0f(lz—=1)
=x2 2 dy 21221
0:0) 0;(0) -, 07 (0)

> 0/ (z—21)
-l =00

4 ()
() (52)
By definition,

o2 Ve w(e0) = 7= [ (75(2) ~Jole0)) (53)

and, according to Eq. (52),

b _01(0) 07(0)
Do om0 oo Hh ¢ [Q (0)“2]¢ &)
Qz (Z) —ry
+j d[ R ]qﬁ ) (54)

This immediately gives us the lower bound

daz, __07(0), 05(0)
pD(2c/on)” 05 (0) " 0 (0)

(55)
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On the other hand, integral (53) can be estimated in the same way as
in Egs. (35) and (37):

1(jp(0) —jn(0))’
2V, ul(20)75(0)

Lo 07(0)2, ()

OL22> -

72" 0 0 0; ) +0; 003 0) )
Now let us estimate a,,. According to Eq. (48), the full current is
40+ +j-(2) 97 (2) _QZ:(Z)_F’ & QT(IZ—Z’I)W(Z,)
pD(3c/op) Ve p(0) - 037(0) @, (0) Yo Q7 (0)
+j0°° dz QT—Q(LZ{O—)Z’Qqs—(z') (57)
By definition,
oy, Ve plo0) = [/, (0)+j_(0))(m N, +m_N_)! (58)
Numerical analysis of Eq. (57) at z=0 shows that
2,>0 (59)
This is equivalent to the following bound for «,, (38):
wre (@) R[] @

The additional bounds for «,, are given by the bounds (33), (37) for a,,
and the Onsager relation (38).

The total heat current (39), (48) is very similar to Eq. (52) and is
equal to

Mo+ g ) _VEE) Vi@ v, Vi)
pD(0c/ou)V, p(c0) Q5 (0) 0Q;(0) o 05 (0)
w L Vitlz—-zZ'y _ .,
+j0 dz 0o 6= (). (61)

Therefore, the coefficient a3, which is defined similarly to Eq. (53), has the
upper bound which is similar to Eq. (55):

30 Y0 )

1
32 <7 PD(3c/0M) 5, 7 [Q_;;_(()—) Q,(0)
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The lower bound can be obtained from the lower bound for «,; using the
Onsager relation Ta,; =a5,. Another bound is similar to Eq. (56):

1(g(0) —g(0))?
2 V. pu(0) 4'(0)

L1 pDQ7(0) 9, (0) (@)
2V(0) 95 (0) =V (0) QF (0) \u/ p r

N3y > —

5. THERMAL DIFFUSION AND SURFACE SLIP

In this Section we will calculate slip coefficients related to thermal
diffusion, w33, a3, and a,3, Eq. (5). We do not consider the temperature
jump (an analog of Kapitza resistance in the kinetic theory of gases), and
assume that the sole bulk gradient is V, 7(z). The transport equation has
the form

f(O)
a_vx(ga_:uoz_TS ) (ln T) = r;ﬂl £p (63)

2

with the boundary conditions:
2,(2=0,0,>0)=0

(0)
=l

N (64)
dz’ V(In T)(eg— g — Tsp) ;"— AR
0 z

g:z(zzos Uz<0)=—

where s, is the entropy per particle with spin 4 1/2. The solution of
Egs. (63) and (64) has the form

af() 2 B /

(2, v >0)—UXE'L 0 (SB—'.up_TSﬂ)Vx(ln T)e ™" =200
af<0> » (65)

uler v <0 = —0, L [T (o = 75 V(0 1) 00

The mass and heat currents for different spin components (25), (39)
contain integrals similar to (15), (27), (46)

Gz _ Pp of® o 1
{Sﬁ(z)}_ L,>0(2nh) pg CPPxUsVz Tay e {vz} (66)

The temperature gradient is parametrized as in Eq. (47):

Vi(ln T(z)) = V,(In T(0))(1 + ¢(2)) (67)
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Then the spin and heat currents (25), (39), (65) can be written as
Jol2)
V.(In T(o0))
= —2G5(0) + G3(2) + (2Q3(0) — Q3(z)Npio + T5,,)

—[7 a2 (G112 1)~ Q312 — 7 )(pa + Ts.)]

(68)
) 9.(2)
V.(In T(0))

= ~253(0) + $5(z) + (2V3(0) — V5(2)) (1 + T5.)
= [ e 081z =) = Vilz =2 ) + T,

where ¢ is negative and small. Now the total current j, +J_ goes to zero
when z — oo, while the bulk diffusion current j, —j_ at z - o is finite and
is equal to —pk,DVIn T, where k is the (spin) thermal diffusion ratio.
This means that

pat Ts, = G3(0)/Q5(0) F pk 1 D/AQ3(0) (69)
and the total heat current, q=q, +q_,
q(o0)=—x VT (70)

is non-zero. The coefficient of thermal conductivity in these notations is
equal to

Vi(0)G65(0) ¥;00)6G,(0)

Tk=S5(0)+S;(0)— 0; (0) 05(0)

plesD (V;w) B V;<0)> o
4 \07(0) 0;(0)
By definition,
Tpoys V,(In T) =) (0) +J5 (O),
Tay Viln T)= | dz [ (2)—jz (2)) (72)

T Vlln T) = [ dz [4: (2)+ 42 () = 4 (0) =45 (0)]
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We should substitute these equations back into Eq. (68) and integrate over
dz. After cumbersome transformations, similar to that in previous Sections,
we get the following bounds:

o3 <0
i e @3(0)GF(0) Q5 (0)G(0)
Ty <G5 (0)— G5 (0) 05 (0) + 05 (0)
pk D (Q;(O) Q§(0)> 73
RO "

Vi(0)657(0) V5(0)G;(0)
25(0) 25 (0)

me(wm_wmv
4 \0;(0) 0;(0)

Tos; < S$(0)+ S5 (0)—

Additional bounds can also be obtained from the Onsager relations
(Appendix A).

It is worth mentioning that all “thermal” slip coefficients for Fermi
systems at very low temperatures contain extra powers 7/T, with respect
to their “diffusion” or “viscous” counterparts, and are small. The reason is
the same as for the usual bulk transport in Fermi liquids when the thermal
conductivity (in dimensionless units) is small in comparison with viscosity.

6. SUMMARY

In summary, we calculated rather accurate upper and lower bounds
for all nine slip coefficients (5). All the coefficients are proportional to the
mean free path and, therefore, increase by the orders of magnitude at high
spin polarization simultaneously with the mean free path.

The data in Appendix B provides the information on slip coefficients
at arbitrary degrees of quantum degeneracy and spin polarizations. The
results are especially transparent in the limiting cases of high and low
temperatures, ie. in Boltzmann and degenerate regimes. Below we will
summarize the results in a somewhat simplified form.

As in Appendix B, we will assume that the matrix of relaxation times
is diagonal. This is always true for dilute spin-polarized quantum gases in
which the de Broglie wavelengths of particles are comparable to or larger
than the radius of interaction.”® What is more, we will assume that the
(effective) masses of particles are the same for both components, m, =m _
as for *He in *He?-*He mixtures and dilute systems in general.
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Even with this accuracy, the slip coefficients still remain complicated
functions of polarization, (N, —N_)/N, ratio of the relaxation times
for spin-down and spin-up components, t_/t,, and Fermi velocities,
vp_ /v, =(N_/N_)" It is convenient to parametrize the results with the
help of dimensionless variables

v=N_/N,, t=t_[t,, u=vp_[vp, (74)

Unfortunately, the ratio t_/r, is a known function of polarization
only for quantum gases for which the de Broglie wavelength of particles is
larger than the interaction radius, and the particle interaction reduces to
the s-wave scattering. In degenerate gases under these conditions® !

T =[5_§v2/3}vcu_) N

t=—=|- , —
. 1272 ) "N,

i

(75)

1 6
A =5 ﬂHLzl—?_vm-{—gv“/3

where v=N_/N_ characterizes polarization, (N, —N_)/N=(1—-v)/
(14 v), C(4) are Brooker-Sykes correction factors (the explicit expressions
are given in Ref. 11). Though these factors themselves are very important,
their ratio does not change much with polarization.?’ Therefore, in order
to simplify the results, we will neglect these corrections; according to
calculations,? the loss of accuracy will not exceed 8%.

At higher temperatures, i.. in the quantum region for spin-polarized
Boltzmann gases, the ratio of relaxation times for spin-downs and spin-ups
is different function of v=N_/N_,

r__1+4v

1, 44v

(76)

For better illustration, we will supplement the general results by the
results in the quantum region (75), (76).

The strictest of inequalities of Sec. 3 provide the following bounds for
the slip length & =a,; in the Boltzmann temperature range:

7 L+v2 oy /Ty 7z|: 1 vt 41+v?
) &

= - = 77
1+vz>(8T/7zm)‘/2>8 vl v Tl 7z1+vt:| £ 0D

The polarization dependence of the functions f; , (77) in the quantum
region (76) is given in Fig. 3a.
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Fig. 3. Polarization dependence of the bounds for the slip length ¢ =a,, for quantum gases.
(a) functions f, , for a quantum Boltzmann gas, Egs. (77) and (76); (b) functions f; 4 for
degenerate gases, Eqs. (78) and (75).
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At low temperatures T << T the corresponding inequality obtains the
form

1510 +v2u®  ay
== >
24 1+vtu® ™ 1t vk,

g

151+vi2® 4 1+ vid?
> — — =
B 1rved 715 1o (78)

The polarization dependence of the functions f; , (78) in the quantum
region (75) is given in Fig. 3b.

The off-diagonal slip coefficient «,, is negative and has the following
bounds at high temperatures:

vi(l—1) 8o, V(1 —1?)

Js== T+vt TIN5 1+v

=/ (79)

Functions f; ¢ in the quantum region (76) are plotted in Fig. 4a.
The corresponding bounds for the conjugate coefficient, a,,, are given
by the Onsager relation:

O<ap,= 4 el —1—+(1+V)t<1_v 1—vt>

TN,t, 14vi 4 14w \1+v 14wt

In the low-temperature region,

T4veu? [l —vt®> 1—
fo=—(1+v)1 +vu< viu v)

T+vt \14+va® 1+v
505, 11+ veu? 1
— < —z 1—vtu)+= (1 —vi2u?
mN o5, 2 1+vu ( vu)+2( vew)
=/fs (80)

while the Onsager relation becomes

_ g2
O<ap,= 5 ooy _(1+v)1:+t<1 v 1 vtu)

mN 1, ve, 1 +vii? T+ve \14v 14wn?

In the s-wave scattering approximation (75) these two functions, f; g, are
given in Fig. 4b.
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The coefficient o5, has the following high-temperature bounds:

25may,
T?N 7>

125 (1+v)°¢ 1
6 v U )l:l+v 1+vt] =/io (81)

Functions f, ;o in the quantum region are given in Fig. 5. The bounds for
®,; can be found from the Onsager relation

fo= —(1+vH)<

4 a3y +5Tr+(1—v2) t(1—1)
TN 7, 1+vt 172m (1 +w)?

0>0613=

At low temperatures 7 -0 all the heat-related transport coefficients in
Fermi systems contain extra powers of 7/T, and, therefore, are small and
not very important. The same is true, as it has been mentioned in Sec. 5,
for all slip coefficients o, which contain the index 3.

polarization

o 02— 3 0.8 1

i

Fig. 5. Polarization dependence of the bounds f; j0, Eq. (81), for a3, in quantum Boltzmann
gases (76).
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The second diagonal slip coefficient at high temperatures is restricted
by

N.7% [2mT\'* vt
o (L () S =g (82)

while at low temperatures

3m vt
“22/EN+TZ+UF+>m—t(1+t”)Ef12 (83)

The polarization dependence of the functions f}, ;, for quantum gases
(75), (76) is given in Fig. 6. The last diagonal coefficient is restricted at high
temperatures by the inequality

20053 nm)l/zm 9 15 (1 —£)(1 —v?)
2T

M2y O =V
N AU AR T v CE

(see Fig. 7). At low temperatures this coefficient becomes vanishingly small.
The corresponding off-diagonal slip coefficients in the Boltzmann tem-
perature range are

160,, /Tm\Y?  (mm\'? 164
= (‘“) =< ) 2 <fia f1s

N, 2 \2T 2T) TN,7°% 55)
51+ (1—vY) vt
=l -y =1 1—
Juml=vt e SR U0

In the case of quantum gases the functions f,, ;5 intersect (see Fig. 8).
For the sake of comparison, we will add the expressions for the bulk
transport coefficients. The diffusion coefficient has the form

ou\"' mN, vt t_
D | — = T>T
p (60) 2 1, +vt_ F
1
o () Z o Me¥rete T< Ty
dc T, +VT_

5TN, 1, t(1—v?)
172 14 vt

, T>Tgx
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Fig. 6. Bounds for a,, in (a) quantum Boltzmann gas, f;; Eqs. (82) and (76), and (b)
degenerate gas, f1,, Eqs. (83) and (75).
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while partial viscosities are given by the following equation:

T
11511++1’[_=Z(N+1'++N_T_), I>Tg

m

’15’1++f7_=§(N+r+sz++NJ_vf,_), T<<Tg

The values of the slip coefficients in the intermediate temperature
range are given by the results of numerical calculations in Appendix B.

APPENDIX A

We will derive the Onsager relations for the slip coefficients in the way
similar to the derivation of Waldmann symmetry relations in Ref. 28. As in
Ref. 11, we will need the expression for the pressure diffusion coefficient
with viscous renormalization. We mentioned in Sec. 2 that our definitions
for diffusion currents is slightly different from that of Ref. 11; therefore, the
expression for the pressure diffusion ratio is also different.

We start from multiplying the transport equations for two (spin)
components of the mixture,

on, 0Oe,0n, 0Oec,0n,

e a a ap lnen) (A

by m,(v, —u) and integrating over momenta (u is the overall mass
velocity). After standard transformations, these two equations reduce to
(see Eq. (10) of Ref. 11):

Nim%wr—miM)MWk=—mijwi~uﬂgmﬂ’ (A2)

The integrals in the r.h.s of Egs. (A.2) are proportional to the mass
currents, j, . Therefore, the bulk diffusion current (3) is proportional to

ou., op- (ny—n_)oP

jD5j+—j_=constx(N+F—N e p E) (A.3)

The chemical potentials of the components, x ,, should be expressed via p,
Eq. (2), and the presuure P using the identity dP=N_du, + N_du _:

p pPe—pP_ My—Nn_|0P
p n or

), pr=m N,

(A4)

j —constx<%+
Io= or " 2p.p_
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This equation should be compared with the standard definition of diffusion
current,

0c kg 0T k Pap)
= — e AS
Jp Dp<5r+T6r+P6r (A5)
at constant temperature. The comparison leads to the following expression
for the (spin) pressure diffusion ratio (cf. Eq. (12) of Ref. 11):

—1 _ -
P dc/prI\OP/ . 7 2p.p_ P 7

Now let us consider two large volumes of polarized gas connected by
the tube of the radius R. The mass velocity of gas in the connecting tube
is determined by the Poisenille law (cf. Ref. 11):

1 dpP
u(r)= o (R*—r*—2Ra,,) PRIt

where the pressure P, chemical potential g, and the temperature T depend
only on the coordinate x along the tube. The total heat current through the
tube is determined by the bulk heat flow (see Ref. 30) and the surface heat
current {5):

R dad hdel
2y dx a32dx a33dx

dT d d
R+ [kﬂ (6—1’;‘) -7 (ﬁ) + u} 7, (A.8)
P, T P,

where « is the thermal conductivity, k,; is the spin thermal diffusion ratio
(A.5), and J, is the bulk part of the total (spin) diffusion current through
the tube

Vl . _
J;otz_nRz(Qg> pD[ P (m P N, n_)gi£+@
ac/p, r 2p,p_ p ] dx dx

“(5),.(F+(3),.) %]
oc)pr\ T T/, ») dx
R 4P du dT]

2R | ay oy, YL
+2r l:(xz[ 2’7 dx+a22dx+a23 dx

R P d T
I,=2n f Goun? dr + 21RQ* = 21R [53—‘ o, }
0

(A9)
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The entropy production is given by

. du du, du (R) 1,dT
S= ———2 dr+2 R)—=— 42—
T{J dx+JH nr dr + 2nRnu {(R) o + de}

(A.10)

where the stress tensor [],, =# du,/dr. Now we have to substitute du, /dr
in Eq. (A.10) by dP/dx with the help of Eq. (A.7):

. d/,t dP 1,dT
tot 2 ot il
S= T{Js dx dx|: j| [, 7> dr+=nR X(R)]+ T dx} (A.11)

If we choose

dpP du dar
Xl—E, X2—-dx, X3—a (AIZ)

as the thermodynamic forces for the entropy production,

=Y %X, (A.13)

then the thermodynamic velocities are equal to

T

1 1
”Tfrl—[x,dr+ WRVR, =gl hemly  (Al4)

X =
The thermodynamic velocities (A.14) are themselves the linear combina-
tions of the thermodynamic forces,

X =YXk (A.15)
According to the Onsager principle, y; =74, As a result, one immediately

recovers Eq. (38),

6#)‘1 p’° Dy [m—p_ n+—r7f]

- _ A.16)
e <5c 20,0-L » n (

and the relation between o, and a3, :
a3y = Toa;

k,r(0p/oc)p . — T(OW/0T)p .+ 1
(Opfoc)p, r

Dp’n [m —p_ N -ﬂf]

2p.p_ p n

oy =nTo;—

(A.17)
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APPENDIX B

We are interested in the values of the functions L,(z), K,(z), M,(z),
0.(2), V.(2), G,(2), S,(z), Egs. (15), (27), (40), (46), and (66) at z=0 at
different temperatures and spin polarizations. These functions can be con-
veniently parametrized in the following way:

~ M 7 h? 2 A7\2/3
=— I'=—, Trp=— (3n’N)¥
A== F Zm( )

+ N, AJ_rn — (2mi)(n+2)/2 TIr;/Z T(n+3)/2 (Bl)

dt elzz/T

1
J n___J —lnpynear _LET
A ( (te”'T 4+ 1)?
where T, is the degeneracy temperature of a non-polarized gas. In these
notations

1 1

Li"(0)=<n+1_n+3

) CinAinIin

1 1
“\n n+2

)’nicinAinllin—l

(B.2)

m.y CinAin—ZIin-Z

1 1
Min(o)z(;—n+2>m—cinAirH»I]in-é—l

1 m
C:L-nAinIim Gi-n(o)='7:t Vi,,(O)
+

1 1 1
S0 =25 =577 gt Cordnso T

Integrals 1, , with n=1, 2, 3, 4, 5, which enter the expressions for the slip
coefficients a,, are plotted in Figs. 9(a)-(f) for several values of spin
polarization. We will also give the analytic values of all functions in the
limiting case of Boltzmann regime T>> T,

1 1/2Tm \Y?
Kli(0)=§miNi-; K§(0)=§( ni> N,y

+

1
K§(0) =g TN.7
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1 /2Tm \'2 1
Lli(()):—(%) Nii  L3Q)=gTN.t,

8
T3
+ — N.1°
L5 (0) (8mm ;)12 e
+ + 3 T3/2
MF0)=2TN,; Mz_(o)zz(nmi/z)l/zNiTi
7T*
ME©O)=1 N7
+
1 1/ 2T \'?
03(0) =g N.ts: 0:0)=5( ) Netl
5T 3 T \*
VEO)= g Vot Vf“’):Z(z/”)”z(mj) Nt
+ 5 + 3 12 321 .2
GE(0) =1 TN, 7. GF(0)=5 (2/mm ) TN , 73
35 1 37
Siﬁ(O):Rm—_ TzNi‘Ci; S3i(0)=3(2/7t)1/2;n—372-NiTi
+ +

and at low temperatures, when the system is degenerate, T << T

3 1 1
L$(0)=—<—~n _ )r";lmizviu;i

4\n+1 n+3
Mf(0)=%<%—ni2>r’i_:‘miNiuf;:l
Q5>1)(0)=%<n_1_ ] _nj- 1> TN v
V(n>1)(0)=§<nil—nj_1>r"i_1N+v;+
G(">1’(0)=%<n11_ni1>”1lmrNiU'}+
S(n>l)(0)_—§(n11_nj_1>rni_1miNiU'}:2



90 K. D. Ivanova-Moser and A. E. Meyerovich

U
in

ACKNOWLEDGMENT

One of the authors (K.I.-M.) wants to thank the colleagues from the
RI and McGili Departments of Physics for the hospitality during her stay
Kingston and Montreal. The work was supported by the NSF under the

grants INT-9108116 and DMR-9100197.

@ N =

REFERENCES

. Spin-Polarized Quantum Systems, S. Stringari, ed. (World Scientific, Singapore, 1988).
. E. P. Bashkin and A. E. Meyerovich, Adv. Phys. 30, 1 (1981).
. T. J. Greytak and D. Kleppner, in New Trends in Atomic Physics, Vol. 2, Les Houshes

1982, G. Grynberg and R. Stora, eds. (North-Holland, Amsterdam, 1984), p. 1125.

. L F. Silvera and J. T. M. Walraven, Spin-Polarized Atomic Hydrogen, in Prog. Low Temp.

Phys., Vol. 10, D. F. Brewer, ed. (North-Holland, Amsterdam, 1986), p. 139.

. A. E. Meyerovich, Spin-Polarized *He-*He Solutions, in Prog. Low Temp. Phys. Vol. 11,

D. F. Brewer, ed. (North-Holland, Amsterdam, 1987), pp. 1-73.

. L. F. Silvera, Bose Einstein Condensation: Compress or Expand, in Quantum Fluids and

Solids - 1989, G. G. Ihas and Y. Takano, eds. (Amer. Inst. Phys., New York, 1989),
pp- 247-256.

. A. E. Meyerovich, Kinetic Phenomena in Spin-Polarized Systems, ibid, pp. 231-240.
. D. S. Betts, M. Leduc, and F. Laloe, Properties of Strongly Spin-Polarized *He Gas, in

Prog. Low Temp. Phys., Vol. 12, D. F. Brewer, ed. (North-Holland, Amsterdam, 1990),
p. 45.

. A. E. Meyerovich, Spin-polarized Phases of *He, in Helium Three, W. P. Halperin and

L. P. Pitaevski, eds. (North-Holland, Amsterdam, 1990), Chap. 13.

. M. Leduc, P.-J. Nacher, S. B. Crampton, and F. Laloe, in Quantum Fluids and Solids -

1983, E. D. Adams and G. G. lhas, eds. (Amer. Inst. Phys., New York, 1983}, p. 179.

. K. D. Ivanova and A. E. Meyerovich, J. Low. Temp. Phys. T2, 461 (1988).
. A. Kundt and E. Warburg, Ann. Physik 155, 337 (1875).

. 1. C. Maxwell, Scientific Papers (Dover, New York, 1953), Vol. 2, p. 704.
. M. Knudsen, Kinetic Theory of Gases, (Methuen, London, 1950).

. P. Welander, Ark. Fys. 7, 507 (1954).

. D. R. Wills, Phys. Fluids 5, 127 (1962).

. S.'Albertoni, C. Cercignani, and L. Gotusso, Phys. Fluids 6, 993 (1963).

. M. N. Kogan, Rarefied Gas Dynamics (Plenum, New York, 1969).

. J. M. Parpia and T. L. Rhodes, Phys. Rev. Lett. 51, 805 (1983).

. D. A. Ritchie, J. Saunders, and D. F. Brewer, Phys. Rev. Lett. 59, 465 (1987).

. 1. E. Jaffe, J. Low Temp. Phys. 37, 567 (1979).

. H. H. Jensen, H. Smith, P. Wolfle, K. Nagai, and T. M. Bisgaard, J. Low Temp. Phys. 41,
473 (1980).

. D. Einzel, H. H. Jensen, H. Smith, and P. Wolfle, J. Low. Temp. Phys. 53, 695 (1983).

. H. Smith, Long Mean free Paths in Quantum Fluids, in Prog. Low Temp. Phys. Vol. 11,
D. F. Brewer, ed. (North-Holland, Amsterdam, 1987), pp. 75-126.

. D. Einzel and J. Parpia, Phys. Rev. Lett. 58, 1937 (1987).

. D. Einzel, P. Panzer, and M. Liu, Phys. Rev. Lett. 64, 2269 (1990).

. V. Zhdanov, Yu. Kagan, and A. Sazykin, Sov. Phys-JETP 15, 596 (1962).

. E. M. Lifshitz and L. P. Pitaevski, Physical Kinetics (Plenum, New York, 1979),
Chap. 1.14.

. W. J. Mullin and K. Miyake, J. Low Temp. Phys. 53, 313 (1983).

. L. D. Landau and E. M. Lifshitz, Fluid Mechanics (Pergamon, New York, 1978).



