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Quantum size effect and the two types of interference between bulk
and boundary scattering in ultrathin films
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We analyze interference between bulk and boundary scattering channels in ultrathin metal films with rough
surfaces in quantum-size-effect conditions. We identify two different sources of such interference. The first,
which we call the mixing interference, is associated with inversion of collision operator with surface and bulk
scattering terms. This inversion always leads to mixing of bulk and surface terms, even if the scattering channels
are formally independent, as long as the collision operator does not have a δ-type structure (the relaxation time
approximation). The second source of interference, or what we called the intrinsic interference, is associated with
the physical entanglement of the scattering processes and the fact that these processes are never really independent
unless both are described by the Born approximation. The intrinsic interference dominates in low-temperature
clean films or when the correlation radius of surface roughness is large. The mixing interference dominates in
films with robust impurity and surface scattering.
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I. INTRODUCTION

Rapid progress in material science and technology necessi-
tated fabrication of numerous types of ultrathin conducting
films and interconnects. Many of these systems exhibit a
variety of quantum and surface effects. Resistivity of such
conductors is an entangled combination of various surface and
bulk scattering processes. The situation is further complicated
because of the classical and quantum interference between
different scattering channels which should be added on top of
the standard approaches to transport.1–4 The aim of this paper is
to try to understand the relative role played by the interference
between the surface and bulk scattering in resistivity of
ultrathin conductors in quantum-size-effect (QSE) conditions
with noticeable quantization of electron motion. For QSE to
be fully developed, it is necessary to go beyond the classical
size effect that simply requires the bulk mean free path to be
comparable to the film thickness.

Below we assume that the resistivity of the bulk material is
known and is described by the simplest bulk collision operator.
For surface contributions, we concentrate on scattering by
surface roughness that can account for more than half of
the overall resistivity of nanosystems.5 This assumes that
the surface-driven reconstruction of the energy spectrum is
less important as it is often the case in good metals. We
also disregard the scattering by grain boundaries. It is well
known that the presence of grain boundaries often impedes
fabrication of high-quality metal films and interconnects and
could be responsible for a noticeable part of resistivity and
heat production (see, i.e., Refs. 6 and references therein).
The presence of grain boundaries is not important when one
produces films in which the size of the grains is larger than
both the bulk mean free path and the film thickness (see, i.e.,
Ref. 7).

It is tempting to use the Mathiessen’s approximation when
the resistivity is due to two seemingly unrelated scattering
channels such as bulk and wall scattering,

ρM = ρb + ρw, (1)

and the same for the inverse transport times. Here ρb is the
resistivity in unrestricted bulk and ρw is the resistivity under
the conditions when the bulk mean free path is much larger
than the film thickness L (we do not want to dwell here on
uncertainty in ascribing the bulk parameters to the films).7

The real resistivity ρ often differs significantly from the
Mathiessen’s value ρM , Eq. (1), due to various interference
processes between the bulk and wall scattering channels. It
is well known that the situation is even worse in the QSE
conditions in which the use of the Mathiessen’s equation (1)
requires that both collision operators should have not just a
diagonal but also the δ-type structure with respect to quantized
energy bands (we will encounter the clear signs of this below).

What is usually ignored is that the entanglement between
the surface and bulk contributions to conductivity comes from
two distinct sources. First, there is what we call here, for lack
of better term, the intrinsic interference, which describes the
fact that the surface and bulk collision operators L̂w and L̂b are
never strictly independent of each other. The overall collision
operator can be schematically written as

L̂ = L̂
(0)
b + L̂(0)

w + L̂int, (2)

where L̂
(0)
b and L̂(0)

w are “pure” bulk and surface collision
operators. In diagrammatic language, L̂int corresponds to the
diagrams with the intersecting and overlapping bulk and
surface interaction lines in the expansion for the Green’s
function while the diagrams for L̂

(0)
b and L̂(0)

w contain the
interacting lines of only one sort. By rearranging the terms
in the diagrammatic series, it is always possible to ascribe all
the intrinsic interference contributions to either one of these
two collision operators while keeping the other one “pure.” In
what follows, we assume that L̂b contains only the diagrams
without any surface scattering lines and is, therefore, the pure
bulk collision operator, L̂b = L̂

(0)
b . The diagrams with mixture

of both bulk and surface interaction lines (the interference
terms) will be taken into account by the wall collision operator
L̂w, L̂w = L̂(0)

w + L̂int and, therefore, the full collision operator

L̂ = L̂
(0)
b + L̂w. (3)

165432-11098-0121/2011/84(16)/165432(12) ©2011 American Physical Society

http://dx.doi.org/10.1103/PhysRevB.84.165432


S. CHATTERJEE AND A. E. MEYEROVICH PHYSICAL REVIEW B 84, 165432 (2011)

However, even if these two operators were independent
of each other (i.e., if the intrinsic entanglement could be
neglected, L̂int = 0), there is still the second source of
interference, which we will call the mixing interference.
The source of this mixing can be easily understood if one
considers, for example, the quantum transport equation for the
density matrix (distribution function) n with these supposedly
independent L̂(0)

w and L̂
(0)
b ,

dn

dt
= (

L̂(0)
w + L̂

(0)
b

)
n. (4)

The conductivity, which is proportional to the solution of
this equation, would, therefore, contain the inverse operator
(L̂(0)

w + L̂
(0)
b )−1. It is difficult to imagine the circumstances,

except for the simplest relaxation time approximations for
both channels, under which this inverse operator can be
decomposed into independent bulk and wall parts. This
mixing, which is associated with inverting the overall collision
operator, persists no matter whether we obtain the transport
coefficients from solving the transport equation or from using
the response function formalism such as the Kubo formulas
(see, for example, Refs. 1–4). Note that the relaxation time
approximation corresponds to a unique situation in which the
operators L̂(0)

w and L̂
(0)
b are completely independent and both

have the δ-type matrix structure. [Interestingly, this situation
can occur in the ultraquantum regime for the QSE when all the
particles are restricted to the lowest quantum miniband and the
interactions do not lead to the band coupling]. To avoid mixing
it is not enough for the operators to have a diagonal structure.

Most theories usually highlight just one of these two sources
while neglecting the other. This often makes the comparison
of the results rather meaningless. As far as we know,
earlier attempts to analyze the non-Mathiessen’s behavior of
resistivity did not pay attention to the existence of these two
different sources of interference and dealt more often than
not only with the mixing interference. In those rare situations
when the theoretical approaches are sufficiently sophisticated
to cover the both sources, the results are somewhat convoluted
and do not allow for easy interpretation and comparison
with experiment. In this paper we try to bring some clarity
to the picture. Below we trace both sources of interference
simultaneously and analyze the conditions under which one of
the interference mechanisms dominates over the other.

A. Experimental background

Before proceeding, let us comment on the possibility of
observing QSE in lateral conductivity of films σ . The experi-
mental choices for QSE measurements are rather limited: one
can measure σ as a function of roughness, bulk relaxation, or
film thickness L. Measurements using the roughness parame-
ters, such as the correlation radius R, as a (semi-) continuous
variable, do not seem feasible. One can use bulk relaxation as
a variable by manipulating the impurity concentration or, even
better, by changing the temperature in the case of electron-
phonon scattering. This has its disadvantages because of an
unclear link of electron-phonon relaxation in QSE conditions
to the usual, relatively well-understood electron-phonon time
in the bulk. Even for thicker films, away from QSE, it is not

always clear what to use as the “bulk” collision time τb.7 This
leaves us with measuring σ (L).

We are interested in quasi-2D metal films with random
rough surfaces. QSE is caused by quantization of motion in
the direction perpendicular to the film, px → pj = πjh̄/L,
where L is the film thickness, resulting in a split of the
energy spectrum ε(p) into a set of minibands, ε(px,q) →
ε(πjh̄/L,q) = εj (q). This also corresponds to slicing of a
3D Fermi surface by the planes px = pj . Since the distance
between the slicing planes δp = pj+1 − pj = πh̄/L depends
on the thickness of the film L, the number of slices S, which
is equal to the integer part of pF /δp,

S(L) = �pF L/πh̄�, (5)

changes with changing L. Therefore, if one measures observ-
ables as a function of film thickness, one should, in principle,
see some pronounced periodic singularities at the points when
S changes by 1. Such QSE in metal films was observed by
ultraviolet electron spectroscopy, photoemission, and various
other optical methods. For our purposes, the most relevant
observations use scanning tunneling microscopy (STM) and
related techniques (see, for example, Refs. 8).

In a slightly different language, the changes in the number
of slices of the Fermi surface by the quantizing planes px = pj ,
i.e., the stepwise changes in S(L), correspond to the so-called
topological phase transitions.9 The most pronounced singu-
larities associated with these continuous phase transitions,
which are sometimes called the transitions of the second
and a half order, appear not in thermodynamic functions,
which remain continuous with continuous derivatives, but in
observables most sensitive to particle scattering such as, in this
case, conductivity. From purely geometrical considerations it
is obvious that the ease of experimental observation of the
topological changes associated with QSE depends on the shape
and size of the Fermi surface and its orientation with respect to
the quantizing planes (film surface). If, for example, the Fermi
surface has a shape of a corrugated cylinder (open orbits),
the quantizing cuts perpendicular to the cylinder axis make
S as a function of L much larger than when the quantizing
planes are directed along the axis. Large values of S, which
are changing with much smaller increment in L, lead to the
smearing of transitions and, essentially, to the restoration of the
classical picture. From this point of view, pF in Eq. (5) should
be understood as the size of the Fermi surface in the direction
perpendicular to quantizing planes. The most advantageous
situation for experiment corresponds to the smallest Fermi
surfaces that are completely immersed inside the Brillouin
zone such as in semimetals. In the opposite limiting case of
open orbits, pF in Eq. (5) should be replaced by h̄/a0 where
a0 is the size of the crystal cell in the direction perpendicular
to the film surface.

The signature feature of QSE and related topological
phase transitions in metal films is a pronounced sawtooth
dependence of the lateral conductivity σ on film thickness.
The sawtooth shape of the theoretical function σ (L) has been
known for decades and is common to both bulk10 and surface
(roughness)11 scattering. Still, despite numerous attempts,
no one has reliably observed such a sawtooth function in
good metals, that is, metals with a large Fermi surface.
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There are few observations which show promising small
anomalies in σ (L) that might indicate the presence of these,
essentially quasiclassical, sawtooth singularities,12 but any
positive identification of these anomalies cannot be done. The
experimental reason why it is virtually impossible to observe
such a sawtooth conductivity σ (L) in metals is quite simple.
The period πh̄/pF ≡ πa of the sawtooth QSE oscillations
in the dependence σ (L) in good metals with large Fermi
momentum pF is small, almost atomic, a ∼ a0. If one attempts
to measure σ (L) in films with better than atomic resolution in
L, one would have to monitor the conductivity while gradually
filling the layers. Conductivity contributions from the upper,
free surface with partially filled layers with different fillings
should inevitably differ from each other because of differences
in scattering patterns on the partially filled surfaces. Therefore,
the quasiperiodicity of σ (L) in good conductors, even if it
could be resolved, might reflect the sensitivity of scattering
and, therefore, σ (L) to layer filling rather than to QSE.

From this perspective, the more encouraging experimental
objects could be semimetals with much smaller Fermi momen-
tum pF , such as bismuth, for which there are already some
reliable claims of observing QSE singularities in conductivity
of nanowires.13 Pursuing measurements in semimetals is
definitely one of the experimental options. An alternative
option is to look for a more recently predicted new type of
QSE for films with large-scale roughness R � a. In such
films, the curves σ (L) are smooth and exhibit large-period
oscillations of σ (L) with maxima at relatively large values of
L, Ln ∼ π

√
naR � √

na that could lead to observation of
QSE in a wider group of metals.14

At first glance, it might appear that bringing surface rough-
ness into the picture makes revealing QSE from measuring
σ (L) in metal films not very promising. It seems impossible
to maintain exactly the same surface roughness when growing
the film; apart from everything else, partial filling by itself
introduces atomic roughness that depends on the stage of
growth. This is not so. Surprisingly, there are experimental
ways for measuring the roughness-restricted conductivity
σ (L) without worrying about maintaining the same roughness
when gradually growing the film and related issues. For
example, it is possible to fabricate a film with rough lower
surface (a rough buried interface), the roughness of which is
imposed and maintained by a substrate, and an ideal upper
(free) surface. The film then can be built up layer by layer
without changes in the roughness of the buried interface. The
conductivity can be measured each time when the free surface
is again ideal (complete filling). For σ (L) the film thickness
becomes not a continuous but a discrete variable with an atomic
increment. QSE in metal films with inhomogeneous buried
interfaces has already been observed experimentally by STM
and related techniques though without simultaneous measure-
ments of lateral conductivity.8 Conductivity in these types of
experiments can be measured using, for example, the same
multiprobe STM13,15 or atomically clean nanoelectrodes.16

Note that our quantum transport theory already has an
experimental confirmation in the case of ultracold neutrons
in a rough waveguide.17 In this case, QSE is ensured by both
the small cross section of the waveguide and the presence
of the gravity field. Another experimental confirmation, which
includes the study of the interference between bulk and surface

scattering, is provided by recent experiments on transport in
3He films,18 the theoretical interpretation of which is also based
on our theory. As usual, such quantum systems are understood
to be models for more complicated metal systems.

B. Theoretical background

A usual approach to transport in films is to account for bulk
scattering processes via a collision operator in a transport equa-
tion and to relegate all boundary scattering to some boundary
condition (for one of the best-known examples of earlier work
of this type see Refs. 19). If going this route, one should express
the phenomenological parameters in the boundary condition
(such as, for example, the specularity coefficient p or the
Namba20 ratio of the amplitude of roughness and the mean
free path, �/Lb) via physical characteristics of surface. More
sophisticated approaches with integrodifferential boundary
conditions could require even more parameters in addition to
the geometrical and statistical properties of surface roughness.
There are two issues associated with such approaches. First,
one has to postulate the form of the boundary condition.
This choice of the form of the boundary condition by itself
imposes limitations, which are not always clear, on what kind
of surface physics can or cannot be properly incorporated into
this condition. More rigorous approaches of this type require
the derivation of the boundary condition. When addressing
the interference between bulk and boundary scattering, this
derivation and, therefore, the resulting boundary condition,
should explicitly include the bulk scattering operator that
makes the accurate derivation practically impossible. As far
as we know, no one has performed such a derivation.

More recently, alternative approaches to boundary scatter-
ing that in clean systems can be dominated by the scattering
by boundary roughness have appeared. These approaches
are based on efforts to include the surface-driven distortion
into the bulk Hamiltonian well beyond early attempts to
artificially replace surface scattering by a set of bulk scattering
centers (“impurities”) located near the surface. One of the
well-developed approaches of this type is a mapping trans-
formation technique, which was suggested in Refs. 11,21,
and 22 for transport in ultrathin systems. This approach
involves mapping a system with random rough boundaries
onto a mathematically equivalent physical system with ideal
boundaries but a distorted bulk Hamiltonian. This allows one
to incorporate the scattering by surface roughness inside the
same collision operator as the bulk scattering processes. Other
methods to include the effects of surface roughness into the
bulk Hamiltonian follow the perturbative technique of Ref. 23.

The rigorous derivation of the transport equation within
the mapping transformation framework and its comparison
with the results based on the simplified nonunitary mapping
transformation are discussed in detail in Ref. 24a. Though this
is not the only approach to scattering by surface roughness
(for a short review see Ref. 24b), the mapping transformation
is convenient for the simultaneous description of bulk and
surface scattering by providing the uniform description of all
scattering channels within the single mathematical formalism.
As a result, this approach naturally covers the interference
non-Mathiessen’s terms (see the second Ref. 21). The mapping
transformation approach allows one not only to develop a
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mathematically rigorous derivation for the bulk quantum
transport equation and the collision operator, which reflects
the boundary roughness in the initial problem, but also
to understand the limitations and accuracy of alternative
approaches to the problem.24 Most of the other perturbative
approaches have an accuracy similar to that of the simplified
nonunitary mapping transformation. However, in contrast to
the mapping transformation, there is no clear way to improve
the accuracy of these approaches.

A somewhat similar, although technically different, quan-
tum transport theory based on the surface scattering model
of Ref. 23 (see also Ref. 25) has been outlined in Refs. 26
and 27 in the white-noise approximation for a rough surface
(see also the extension of this approach beyond the white noise
in Ref. 28). This approach corresponds to adding the surface
scattering as a perturbation of the type23 to the single-particle
Green’s function that already includes the bulk scattering. In
diagrammatic language, this corresponds to adding a surface
interaction line on top of the propagator averaged over the
bulk interaction (bold line). Such an approach excludes from
the outset all the diagrams with the intersecting bulk and
surface interaction lines, which were included in Ref. 29, and,
therefore, misses some of the interference terms. Moreover,
the perturbative approach of Ref. 23, is, probably, the simplest
as long as it is justified, and has a narrower application domain
than the properly applied mapping transformation, similar to
that of the nonunitary mapping transformation (see Refs. 24).

The mapping transformation provides a theoretical frame-
work for transport formalism for systems with differenty
types of scattering channels. Since now bulk and surface
scattering channels are treated in the same way, the results
should reveal the full physical interference between bulk and
surface scattering in transport. Based on this approach, in
Ref. 29 we developed a rigorous diagrammatic derivation of
the quantum transport equation for particles in quantized films
with bulk and boundary scattering. Though this approach is
indeed rigorous and has well-defined accuracy, the resulting
equations are too complicated and difficult to use because
of the interplay between numerous physical parameters and
sources of interference.

Below we apply the results of our quantum diagrammatic
transport derivation29 to the analysis of non-Mathiessen’s
terms. We will try to cut through the parameter clutter and
get results that can be used for experimental applications.
We will also try to look separately at the various sources
of the interference and evaluate their relative importance.
Where possible, we will simplify the results in the limit of
ultraclean systems with a large mean free path for which it is
often possible to present the results as an expansion in inverse
collision frequency.

II. MAIN EQUATIONS

As it is mentioned in the Introduction, QSE in films is
responsible for splitting the 3D spectrum ε(p) into a set of
S minibands εj (q), where S is the integer part of L/πa,
Eq. (5), the atomic-size constant a is equal to a = h̄/pF

(in semimetals a is noticeably larger than atomic size), and
q is the component of momentum along the film {in the
simplest case of parabolic spectrum with the effective mass

m, ε(p) = p2/2m, the minibands are also parabolic, εj (q) =
(1/2m)[(πjh̄/L)2 + q2]} . As a result of this quantization, all
the equations acquire the matrix character in the miniband
index j . The 2D Fermi momentum for each miniband is
given by the equation εj (qj ) = εF . For parabolic bands q2

j =
p2

F − (πjh̄/L)2. We will also introduce the “vector” −→q as
the set of all S parameters qj ≡ |qj | keeping the boldface
notations for “real” 2D vectors q and qj .

After usual manipulations and expansion in harmonics, the
quantum transport equation on the Fermi surface reduces to a
set of linear equations

qj

m
= −

∑
j ′

γjj ′νj ′ , (6)

where νj describes the first angular harmonic (with respect to
electric field E) of the deviation of the distribution function
from the equilibrium δf (1),

δf (1)(−→q ) = νj (−→q )δ(ε − εF )eE, (7)

and the matrix γ̂ is determined by the zeroth and first
harmonics of the collision vertex,

γjj ′(−→q ) = δjj ′

S∑
j ′′=1

�(0)(qj ,qj ′′ ) − �(1)(qj ,qj ′ ). (8)

In these notations, the conductivity and the transport time are

σ = − e2

3h̄2

∑
j

νj qj (9)

and

τtr = −→q · γ̂ −1−→q /−→q · −→q . (10)

Note that σ in Eq. (9) is already integrated across the film and is
the 2D conductivity. It has the dimensionality of conductance
and describes the current per unit area of the film.

In this paper we are not interested in details of the bulk
collision operator that has been thoroughly studied in the
literature on metals. Therefore, for the bulk-related part of
the matrices �jj ′ we will use the simplest possible expression
by introducing the single bulk transport time τ b

tr ,

δjj ′

S∑
j

′′ =1

�
b(0)
jj ′′ − �

b(1)
jj ′′ = δjj ′

τ b
tr

. (11)

In contrast to the bulk scattering, for wall scattering
we will use a more accurate description. Under realistic
conditions, which have been analyzed in Ref. 29 in detail,
the diagrammatic equations for the full single-particle Green’s
functions, which include averaging over both bulk and surface
scattering, contain the following imaginary part in the energy
denominator that we call the effective collision time τj (q) for
particles from each miniband εj (q) (cf. Ref. 26):

1

τj (q)
= 1

τ
(b)
j (q)

+
S∑

j ′=1

∫
Wjj ′(q,q′)/τ (b)

j ′ (q′)

[εj ′(q′) − εF ]2/h̄2+[
1/2τ

(b)
j ′ (q′)

]2

dq′

(2πh̄)2
.

(12)
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Here τ
(b)
j (q) is the bulk relaxation time in each miniband εj that

should be treated not as a phenomenological parameter but as
the unambiguously defined imaginary part in the denominator
of the single-particle Green’s function for unrestricted bulk.
In our context, the bulk parameters τ

(b)
j (q) are determined by

electron-phonon or impurity scattering in the bulk and are
considered known. The wall-induced transition probabilities
Wjj ′ (q,q′) between the states εj (q) and εj ′(q′) are determined
by the correlation functions of surface inhomogeneities on both
walls, ζ11 and ζ22, and by the interwall correlation of surface
inhomogeneities ζ12.24 When the metal film can be treated as a
2D square well, the equations for these transition probabilities
are quite simple:

Wjj ′ (q,q′) = π4h̄2

m2L6
[ζ11(q − q′) + ζ22(q − q′)

+ 2(−1)j+j ′
ζ12(q − q′)]j 2j ′2. (13)

Though most of the calculations can be performed for any type
of surface correlator, here in final computations we assume that
the correlations of inhomogeneities on both walls are identical
ζ11 = ζ22 and Gaussian,

ζ (s) = �2 exp(−s2/2R2),
(14)

ζ (q) = 2π�2R2 exp(−q2R2/2h̄2),

where � and R play the role of the amplitude (height) and
correlation radius (lateral size) of surface inhomogeneities
and that there are no interwall correlations, ζ12 = 0. [The
Gaussian peak in the δ-function limit R → 0 corresponds to
the white-noise correlations of Refs. 21 and 26]. In practice, the
correlation function of surface inhomogeneities is not always
Gaussian (see Refs. 28 and 30–32 and references within).
However, there are reasons to believe that the exact profile
of the correlation function becomes qualitatively important
only for large-scale roughness, R � L.14

In the end, the overall collision operator γ̂ in the transport
equation (6) acquires the form

γjj ′ = δjj ′

τ b
tr

+ δjj ′

τb

S∑
j ′′=1

∫
q ′′ dq ′′

4π

W
(0)
jj ′′ (qj ,q

′′)
[εj ′′ (q ′′)−εF ]2+h̄2/4τ 2

b

− 1

τb

∫
q ′ dq ′

4π

W
(1)
jj ′ (qj ,q

′)
[εj ′ (q ′)−εF ]2+h̄2/4τ 2

b

, (15)

where W (0,1) are the zeroth and first angular harmonics of
W (q,q′) with respect to the angle θ between q and q′.

The poles in the surface scattering (integral) terms in
Eq. (12), which are associated with bulk scattering i/τb, are
responsible for what we called the “intrinsic interference”
in the Introduction. The “mixing interference” appears later
because of the need to invert the full operator γ̂ when solving
Eq. (6) even though the bulk term 1/τb

tr in the expression for the
collision operator (15) has the simplest δ-type form. Even if the
roughness-driven scattering probabilities Wjj ′ , Eq. (12), were
diagonal in the miniband index j , there would have still been
some mixing interference. The mixing interference disappears
completely only if Wjj ′ ∝ δjj ′ .

Note that the bulk parameters τ b
tr and τb in Eq. (15) could

differ significantly: One represents the bulk transport time (the

pole in the two-particle propagator) and the other the collision
time (the pole in the single-particle Green’s function). Below
we introduce parameter α for the ratio of these two times,

1

τ b
tr

= α

τb

. (16)

If the bulk scattering is associated mostly with impurities,
then α is a number of the order of 1. If, however, the main
bulk collision channel is the electron-phonon scattering, then
parameter α is small when the temperature is noticeably below
the Debye temperature TD

4,33:

α ∝ (T/TD)2 � 1. (17)

Another important issue is that extracting the appropriate
values of the bulk times τb,τ

b
tr for use in thin films is not

trivial. For example, there are experimental indications34 that
the presence of film surfaces leads to a noticeable softening
of phonon modes and, therefore, lowering of the Debye
temperature and renormalization of the electron-phonon times.

Earlier,35 instead of inverting the collision operator [Eqs. (6)
and (15)], we approximated the effect of collisions on transport
by inserting a heuristic factor (1 − cos θ ), which leads to
a proper combinations of harmonics, into the integrand
and replacing summation by the integration. The resulting
quasiclassical transport time provided a good estimate for what
we call here the non-Mathiessen’s intrinsic interference terms
but did not include the mixing interference. Note that such
intrinsic interference has also been investigated in various
contexts in Refs. 36–38, also on the basis of our Eq. (12),
without inverting the collision operator.

III. RESULTS

Below we will take QSE into account and perform an
accurate inversion of the collision operator. One of the main
feature of QSE is the sawtooth dependence of the conductivity
of films on film thickness σ (L) that, in principle, should be
observed for both bulk10 and surface11 scattering. The reason
is that the number of minibands S increases by 1 each time the
film thickness increases by δL = πh̄/pF . The change in S, by
itself, should lead just to kinks on the curve σ (L); what leads to
a sharp drop in σ and, therefore, to the sawtooth picture is the
opening of a large number S of new scattering channels each
time S changes by 1. This means that the sawtooth dependence
exists only as long as there are robust interband transitions
that require the presence of noticeable off-diagonal elements
in the matrix γ̂ , Eq. (15). Since in this paper the bulk part of
the collision operator is approximated by a diagonal matrix, the
sawtooth structure of the conductivity curve originates from
the surface part of the collision operator.

We will analyze the relative contributions of intrinsic and
mixing interference terms. Note that the mixing interference
requires the non-δ-type structure of the collision operator and
is, therefore, associated with the sawtooth picture of QSE in
conductivity of ultrathin films. In principle, the inversion of
the collision operator [Eqs. (6) and (15)], is a straightforward
numerical task, especially because we are interested in thin
films for which the number of minibands and, therefore, the
rank of the matrix γ̂ are relatively low. The real difficulty here
is not in solving the quantum transport equation numerically
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but in making sense of the results because of a large number
of different parameters, for many of which the experimental
information is rather sparse. Thus one of the main goals is to cut
through the parameter clutter and get physically meaningful
results. Let us start from the list of relevant dimensionless
parameters.

The interplay between bulk and roughness scattering can
be described by two dimensionless parameters, t and u, the
first of which characterizes the bulk scattering and the second
the correlation of surface roughness:

t = τb p2
F /m h̄, u = p2

F R2/h̄2 ≡ R2/a2 � 1, (18)

where pF is the Fermi momentum and a, defined as a = h̄/pF ,
is of the order of the atomic size. It is often convenient to
describe transport in films with large bulk mean free paths as
an expansion in 1/t . On the other hand, parameter u accounts
for the effectiveness of surface scattering in which the relative
change in momentum is δq/q ∼ 1/

√
u. The high-quality

samples are the ones in which both t and u are large.
Apart from t and u, other important dimensionless param-

eters include α, which characterizes the difference between
the bulk collision and transport times (16), the dimensionless
thickness of the film L/a, and the amplitude of roughness �/a.
In these notations, the bulk mean free path Lb is

Lb/a = τ b
trvF /a = t/α. (19)

With so many parameters, none of which reduces to a simple
scaling, one should find a way to understand the hierarchy of
competing effects that would allow one to get some clarity.

Nevertheless, one of the parameters (α or �/a) can still be
excluded by a proper choice of variables leaving behind only
the ratio

θ = αa2

�2
. (20)

To achieve this, we will describe the relative interference
contribution to the resistivity ρ and transport time τtr by
parameter χ ,

χ = ρ − ρM

ρM
≡ τM

tr

(
1

τtr
− 1

τM
tr

)
, (21)

where the Mathiessen’s resistivity ρM and transport time τM
tr

are defined as

ρM = ρb + ρw, 1/τM
tr = 1/τb

tr + 1/τw
tr , (22)

and indices b and w refer to the pure independent bulk and
wall contributions.

The collision operator γjj ′ , Eq. (15), contains two terms.
The bulk one is proportional to α and the wall one to �2/a2.

Instead of γjj ′ , we introduce the matrix

γ̃jj ′ = a2

�2
γjj ′ , (23)

which depends on α and �2/a2 only in the combination θ

[Eq. (20). This means that the solution ν̃j = (�2/a2)νj of
the renormalized equation (20) will also depend only on
θ . The same will be true for the renormalized conductiv-
ity, σ̃ = σ (�2/a2), resistivity ρ̃ = ρ(a2/�2), and the inverse

transport time, 1/τ̃tr = (a2/�2)/τtr. Then the relative interfer-
ence contribution (21),

χ = ρ − ρM

ρM
≡

(
1

τ̃tr
− θ

τb

− 1

τ̃ w
tr

)/(
θ

τb

+ 1

τ̃ w
tr

)
, (24)

will also contain α and � only in the form of the combination
θ . The pure roughness-driven transport time τ̃ w

tr in Eq. (24)
should be calculated using the surface scattering probabilities
Wjj ′ [Eqs. (13) and (14)] without the factor �2/a2 (and, of
course, in the limit τb → ∞).

Note that parameter θ/t provides one with an estimate
for comparative contributions of surface and bulk scattering
channels to transport, τw

tr and τ b
tr . However, this estimate is

not very accurate because of a strong dependence of τw
tr on

L/a and u, Eq. (18). The ratio τ b
tr/τ

w
tr is best characterized by

the scaled function φ(L/a,u),

τ b
tr

τw
tr

= t

θ
φ(L/a,u) (25)

which depends only on u and L/a. The function φ(L/a),

φ = q · q

q·F̂−1q
,

Fjj ′ = 4π5

(
L

a

)6

j 2 u e−u exp(cj /2)fjj ′ ,

fjj ′ = δjj ′
∑
j ′′

[j ′′2 exp(cj ′′/2)I0(u
√

1 − cj /u
√

1 − cj ′′/u)]

− j ′2 exp(cj ′/2)I1(u
√

1 − cj /u
√

1 − cj ′/u)

cj = π2 u

(
a

L

)2

j 2, (26)

is presented in Fig. 1 as a function of L/a for several values of
u = p2

F R2/h̄2, u = 1,5,10,100. Note that the thickness of the
film, L/a, enters the expression for φ [Eq. (26)], not only via
the explicit coefficient in F̂ but also through the upper limit
S of summation over j,j ′,j ′′ which depends on L explicitly
[Eq. (5)]. It is clear that even the pure wall contribution is
comparable to the bulk term at a value for α that is not
very small only for relatively thin films. This means that the

u=5
u=10

u=100

0.000

0.050

0.100

0.150

0.200

0.250

0.300

0.350

φ

4.0 6.0 8.0 10.0 12.0 14.0
L/a

u=1

FIG. 1. (Color online) Function φ(L/a) [Eqs. (25) and (26)] for
four values of u: u = 1 (black), 5 (red), 10 (green), and 100 (blue).
The curves are marked accordingly.
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interference terms, which are usually small in comparison
with both pure surface and bulk contributions, should be
investigated for relatively thin films for which the pure surface
contribution is not negligible in comparison with the bulk one,
i.e., the function φ(L/a,u) is not exceedingly small.

Figure 1 confirms that the surface contribution decreases
with increasing u when the film surface becomes more and
more smooth. The second observation is that the increase in u,
i.e., in R/a, results in smoothing of the sawteeth at L/a = πj ,
which corresponds to the usual QSE and leads eventually to the
appearance of a new type of QSE in accordance with Ref. 14.

As indicated above, one of the main issues when dealing
with the interference between the bulk and surface scattering
is to separate the sources of intrinsic and mixing interference.
We continue this section with an analysis of the pure intrinsic
interference. This is a reasonable approximation for pure films
at low temperatures for which α � 1 [Eq. (17)]. After that,
we will analyze the pure mixing interference by assuming
τb → ∞ in the integral term only in Eq. (15). As we will see,
this approximation might work reasonably well for films with
the dominant impurity scattering in the bulk. Toward the end
of the section, we will look at general results with both types
of interference and will try to compare their contribution under
various conditions.

A. The intrinsic interference

In this subsection we will look at the pure intrinsic
interference. There are two different sets of conditions under
which the mixing interference becomes negligible. The first
is, of course, the case of the vanishingly small value of α.
This situation occurs in ultraclean films at low temperatures
when the bulk scattering is dominated by longwave phonons,
making the ratio of bulk collision and transport times α very
small [Eq. (17)]. In this case one can simply put α = 0 in the
collision operator [Eqs. (15) and (16)]. Since in this case the
bulk transport time and conductivity are negligible by design,
the relative intrinsic interference contribution (21) reduces to

χintr = ρ(α = 0) − ρw

ρw

≡ τw
tr

[
1

τtr(α = 0)
− 1

τw
tr

]
, (27)

where, as above, ρw and τw
tr are the pure wall-driven resistivity

and transport time in the absence of bulk scattering [i.e.,
the resistivity and transport time generated by the collision
operator (15) with α = 0 and τb −→ ∞]. Since here we
assume from the start that α = 0, there is no need to replace
the transport times τ in the right-hand side of Eq. (27) by their
renormalized values as in Eq. (24); the parameter �2/a2 will
get canceled automatically.

In this case, the only remaining parameters in χintr are t , u,

and L/a. In high-quality films, parameter t (i.e., τb) is large,
and it is often convenient to expand the integrand in Eq. (15)
in 1/t using

1/xπ

[ε(p′) − TF ]2 + 1/x2

= δ[εj ′(q ′) − TF ] + 1

x

dδ[εj ′ (q ′) − TF ]

dε

+ 1

2x2

d2δ[εj ′(q ′) − TF ]

dε2
+ · · · . (28)

u=1
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u=100

1

u=5

4 14 24 34 44 54
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-40.0

-35.0
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-25.0
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-10.0

-5.0

0.0

5.0

W

FIG. 2. (Color online) Coefficient W1 [Eq. (29)] as a function of
the film thickness L/a for four values of u: u = 1 (black), 5 (red), 10
(green), and 100 (blue). The curves are marked accordingly.

The first, δ-function term in this expansion in the collision
operator eventually generates the pure wall-driven resistivity
and transport time ρw and τw

tr . The relative interference
contribution χintr then becomes

χintr = 1

t
W1(u,L/a) + 1

t2
W2(u,L/a) + . . . . (29)

The plots of functions W1,2(L/a) for several values of u

(u = 1,5,10,100) are given in Figs. 2 and 3. The figures
indicate that the relative interference contributions to the
resistivity are almost always negative in the case of pure
intrinsic interference except for extremely thin films (cf.
Ref. 35). Another observation is that the intrinsic interference
at large u loses the sawtooth structure of the usual QSE and
acquires the smooth QSE of Ref. 14; the sawteeth reappear for
thicker films.

A more important observation concerns slightly thicker
films than the ones in Figs. 2 and 3. With further increase
in thickness, the values of coefficients W1 for all values of
u and W2 for smaller u remain more or less the same while
W2(u = 100) rapidly increases by an order of magnitude (on
this scale, the values of W2 for u = 1,5,10 are practically

u=10

u=1

u=5

2

4.0 6.0 8.0 10.0 12.0 14.0
L/a

-20.0

-15.0

-10.0

-5.0

0.0

5.0

10.0

15.0

W

u=100u=100

FIG. 3. (Color online) Coefficient W2 [Eq. (29)] as a function of
the film thickness L/a for four values of u: u = 1 (black), 5 (red), 10
(green), and 100 (blue). The curves are marked accordingly.
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FIG. 4. Coefficient W2 [Eq. (29)] as a function of the film
thickness L/a at u = 100 for thicker films. On this scale the curves
W2 (L/a) at u = 1,5,10 are practically unnoticeable. The curve also
illustrates the smooth QSE of Ref. 14 for thin films and the restoration
of the ususal sawtooth QSE for thicker films.

unnoticeable; Fig. 4). This means that in high-quality films
with large values of t and u the intrinsic interference should
experience a crossover from 1/t to 1/t2 behavior at large-
enough values of u. Earlier we observed a similar crossover
in our quasiclassical description of the intrinsic interference
in Ref. 35. In accordance with Ref. 14, one sees a restoration
of the usual sawtooth QSE for thicker films for which L/a �
R/a = √

u.

The second situation with the dominant intrinsic interfer-
ence is, with certain caveats, the case of a diagonal matrix
γ̂ , Eq. (15), i.e., the diagonal matrix of roughness-driven
scattering probabilities Wjj ′ , [Eqs. (13) and (14)]. This can
happen for large-scale roughness, u = R2/a2 � L2/a2, when
the scattering-driven change in the particle momentum δq ∼
h̄/R is insufficient for the particle transition between the
minibands, δq/q ∼ 1/

√
u � 1. When the collision operator

γ̂ is diagonal,

γjj ′ = γj δjj ′ ,

the solution of the transport equation (6) is trivial,

qj

m
= −

∑
j ′

γjj ′νj ′ ,νj = −qjγ
−1
j /m, (30)

and the full transport time τtr [Eq. (10)], is quite simple:

1/τtr =
∑

q2
j /

∑
q2

j γ
−1
j . (31)

Since the wall contributions to γj differ while the bulk ones are
the same, α/τb, Eq. (31) still contains noticeable mixing terms.
However, the structure of the roughness-driven scattering
probabilities Wjj ′ (qj−q′

j ′ ) [Eqs. (13) and (14)] is such that
the diagonal terms Wjj differ from each other by the factors
j 4. Since q2

j decrease with increasing j , the overall transport
time 1/τtr, Eq. (31), can with good accuracy be rewritten as

1/τtr ≈ γ1

q2
1

∑
q2

j = 1

q2
1

(
α

τb

+ 1

τw
11

) ∑
q2

j , (32)

where 1/τw
11 is the integral term with W11 in the expression

for γjj ′ , Eq. (15). The approximation (32) emphasizes the

dominant role of gliding particles in the lateral transport
in quantized ultrathin films and contains only the intrinsic
interference.

B. The mixing interference

The mixing interference can be obtained by formally
putting τb −→ ∞ in the wall-driven part of the collision
operator (15). Then the bulk relaxation time enters χmix

[Eqs. (21) and (24)] only in the combination θ/t,

χmix = χmix(θ/t,u,L/a). (33)

Unfortunately, the structure of χmix is such that all its variables
(θ/t , u, and L/a) enter the equations independently and none
of the variables reduce to simple scaling of χmix or can be
eliminated.

One should be very cautious when inverting the collision
operator numerically. The roughness-driven part of the col-
lision operator (15) was calculated in Ref. 29 only to the
main order in the roughness amplitude �. Therefore, many
higher-order terms in �2, which arise from the inversion of the
collision operator, should be disregarded.

To solve the transport equation and, therefore, calculate the
transport time, one should simply invert the collision operator
(matrix) γ̃jj ′ . The wall-driven part of the matrix γ̃jj ′ [Eq. (15)]
in the limit τb −→ ∞ corresponds to the first, δ-type, term
in expansion (28) and becomes relatively simple. Using the
notations of Ref. 14, the matrix γ̃jj ′ can then be rewritten as

γ̃jj ′=a2

�2
γjj ′ , γjj ′=αδjj ′

τb

+ 1

τjj ′
,qj /m= −

∑
j ′

νj ′ (qj ′)/τjj ′ ,

1

τjj ′
= m

2

∑
j ′′

[
δjj ′ W

(0)
jj ′′ − δj ′j ′′ W

(1)
jj ′

]
. (34)

In the case of the Gaussian correlation functions, the harmonics
of the scattering probabilities W are given as

ζ (0)(qj ,qj ′ ) = 4π�2R2[e−QQ′
I0(QQ′)]e−(Q−Q′)2/2, (35)

ζ (1)(qj ,qj ′ ) = 4π�2R2[e−QQ′
I1(QQ′)]e−(Q−Q′)2/2, (36)

W
(0,1)
jj ′ (q,q′) = h̄

m2L2

(
πj

L

)2(
πj ′

L

)2

ζ (0,1). (37)

where Q = qjR, Q′ = qj ′R (the corresponding equations for
some other classes of the correlation functions can be found
in Ref. 14).

Since θ and t enter the matrix γ̃jj ′ [Eq. (34)], only in the
combination θ/t and only directly via the diagonal elements,
the inversion of this matrix obviously makes χmix(θ/t) a
rational function of the polynomials of θ/t . Since χmix(θ/t =
0) = 0, such a structure of χmix(θ/t) means that at θ/t � 1

χmix(θ/t � 1) = θ

t
V1(u,L/a) + θ2

t2
V2(u,L/a) + · · · . (38)

These functions are illustrated in Figs. 5 and 6. Note that
since θ contains a small parameter �2 in denominator, the
condition θ/t � 1, necessary for the expansion (38), is much
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FIG. 5. (Color online) Coefficient V1 [Eq. (38)] as a function of
the film thickness L/a for four values of u: u = 1 (black), 5 (red), 10
(green), and 100 (blue). The curves are marked accordingly.

stronger than a simple condition of large bulk free paths t � 1
necessary for expansion (29) unless one deals with ultraclean
films at ultralow temperatures for which α � 1.

The condition θ/t � 1, by itself, is not sufficient to justify
expansion (38); the sufficient condition is θ/φt � 1. This is
a much stronger condition, especially because the coefficient
φ [Eqs. (25) and (26)] rapidly decreases with an increase in
L/a or u (Fig. 1). As is clear from Fig. 6, the coefficient V2

rapidly increases with an increase in film thickness L/a and the
second term in the expansion (38) can easily overcome the first.
However, in this case this is not a sign of crossover, as was the
case for intrinsic interference. Expansion (38) in 1/t for mixing
interference is in reality an expansion in τw

tr /τb
tr and the rapid

growth of V2 is simply a sign that these values of parameters
the wall-driven transport time becomes much longer than the
bulk one and the expansion fails. The mixing interference
contribution χmix outside of domain (38) is illustrated in Fig. 7
for θ = 0.1 and t = 20.

The existence of the mixing interference requires the
presence of the off-diagonal terms in the collision operator
γ̂ , Eq. (15). If this whole matrix were of the δ type, as its
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u=100u=100

5 6 7 8 9 10
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-1000

2

FIG. 6. (Color online) Coefficient V2 [Eq. (38)] as a function of
the film thickness L/a for four values of u: u = 1 (black), 5 (red), 10
(green), and 100 (blue). The curves are marked accordingly.
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FIG. 7. (Color online) The mixing interference χmix [Eq. (33)]
as a function of the film thickness L/a for four values of u: u = 1
(black), 5 (red), 10 (green), and 100 (blue). The curves are marked
accordingly.

bulk-driven counterpart is assumed to be in this paper, the
inversion would have been trivial and the intrinsic interference
from the previous subsection would have been the only
interference mechanism. The collision operator always has
a δ-type structure when there is only one active miniband,
S = 1. In this case χmix(S = 1) = 0 exactly. This is confirmed
in Figs. 5–7 at small values of L/a.

Outside of ultrathin films for which S = 1, the matrix
of the wall-driven scattering probabilities Ŵ [Eqs. (13) and
(14)] is indeed close to being diagonal at very large values
of the correlation radius R (large u) when the scattering-
driven change in momentum δq ∼ h̄/R is too small to ensure
transitions between the minibands. Still, even in this case
one can observe a spontaneous, and very sharp, opening of
transition channels j ←→ j + 1 when the film thickness
reaches some critical value Lj = π

√
(j + 1/2)aR/2.14 It

is instructive to analyze how this new type of quantum
size effect not only results in a strong precipitous drop in
conductivity14 but also leads to the re-emergence of the mixing
interference.

At large R, when the thickness of the film approaches
the value of L1, the previously diagonal matrix γ̂ [Eq. (15)]
acquires the first off-diagonal element,

γ12 = γ21 = 1/τw
12. (39)

The value of τ12 decreases exponentially when L approaches
L1 and becomes practically equal to the wall-driven part of the
diagonal elements γ11,22 that in this case are approximately
1/τw

tr . The overall transport time also rapidly drops with a
decrease in τw

12 as

1

τtr
∼ α

τb

+ 1

τw
tr

− 1

τw
12

− 1

τw2
12

τbτ
w
tr

ατw
tr +τb

= 1

τM
tr

− 1

τw
12

− τM
tr

τw2
12

,

(40)

meaning that the mixing interference grows by the absolute
value starting from zero as

χmix = −τM
tr

τw
12

(
1 + τM

tr

τw
12

)
(41)
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FIG. 8. (Color online) The full interference contribution χ (solid
lines) and the mixing interference χmix (dashed lines denoted as mix)
as a function of film thickness L/a at u = 1, θ = 0.1, and various
values of t : t = 1 (black), t = 50 (blue), and t = 100 (red). The
curves are marked by the value of t .

until it reaches approximately

χmix ∼ −
(

ατw
tr

τb

+ 1

)−2(
2 + ατw

tr

τb

)
(42)

= −
(

θ

tφ
+ 1

)−2(
2 + θ

tφ

)
(43)

at τw
12 ∼ τw

tr . Equation (42) gives a good estimate of the mixing
interference for walls with large-scale roughness R � a and
provides the “mixing” correction to the intrinsic interference
for the gliding electrons (32).

C. General results

The above analysis of intrinsic and mixing interference
can serve as a guide for study of interference effects in more
general situations. For example, Fig. 8 represents a dependence
of the relative interference contribution χ [Eq. (21)] on film
thickness at various values of t , t = 1,50,100, for films with
small-scale roughness, u = 1 and θ = 0.1. For comparison,
we plotted in the same figure the relative mixing interference
(dashed lines denoted by mix), χmix(L/a), for the same values
of parameters. The difference between the solid and dashed
curves reflects the contribution from intrinsic interference.
Since the mixing interference is suppressed for single-band
systems, i.e., at L/a < 2π , it is absolutely clear that the
intrinsic interference dominates in ultrathin films and is
gradually being replaced by the mixing interference with
increasing thickness. Of course, since the value of θ here
is not small, the mixing interference dominates in thick
films. Interestingly, it looks like the intrinsic interference
contribution is almost always negative while the mixing one
is positive. The overall interference contribution tends to be
destructive in very thin films and constructive in thicker ones.

Figure 9 extends the curves χ (L/a) and χmix(L/a) (also
at u = 1 and θ = 0.1) to thicker films. It is clear that
the interference contribution exhibits a maximum at certain
thickness and that the positions of the maxima shift to the
right with the increase in the bulk mean free path (with
the increase in t). In very thick films, the bulk scattering
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FIG. 9. (Color online) As described in the caption to Fig. 7 but
for thicker films: t = 1 (black), t = 20 (blue), and t = 100 (red).

obviously dominates the resistivity and all boundary processes,
including the interference ones, become negligible, meaning
that χ (L/a → ∞) → 0.

The dependence of χ and χmix (dashed lines marked with
the letter m) on θ = α/�2 is illustrated in Fig. 10 at t = 20 and
u = 1. Here, again, at L/a < 2π we have a pure intrinsic
interference, mostly destructive, which is gradually being
replaced by the constructive mixing interference for thicker
films. The replacement occurs faster at higher values of θ .
Interestingly, the sawtooth structure of the curves is much more
pronounced for the overall and, therefore, intrinsic interference
than for the mixing one. We do not have a simple explanation
for this effect. The small values of θ for the curves in Fig. 10
should be interpreted as the consequences of small values of
α rather than large values of �/a: the computations were done
at u = 1 while our theory is valid at �/a <

√
u. If one wants

to suppress θ by increasing the amplitude of inhomogeneities
�/a, one should simultaneously increase the correlation radius
of surface roughness R/a ∼ √

u.
Finally, Fig. 11 presents the curves χ (L/a) (solid lines) and

χmix(L/a) (dashed lines marked as m) for t = 20 and θ = 0.1

mθ = 0.01, 
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FIG. 10. (Color online) The full interference contribution χ (solid
lines) and the mixing interference χmix (dashed lines marked as m )
as a function of film thickness L/a at u = 1, t = 20, and various
values of θ : θ = 0.1 (black), θ = 0.01 (red), and θ = 0.001 (blue).
The curves are marked by the value of θ .
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FIG. 11. (Color online) The full interference contribution χ (solid
lines) and the mixing interference χmix (dashed lines marked as m )
as a function of film thickness L/a at t = 20, θ = 0.1, and various
values of u: u = 1 (black), u = 10 (blue), and u = 100 (red). The
curves are marked by the value of u.

at various values of u, u = 1,10,100. The curves at u = 100
differ from all the rest in that the contribution from intrinsic
interference here seems to be positive. Also, the QSE of
Ref. 14 is much more pronounced for the intrinsic and overall
interference than for the mixing interference. This is easy to
understand since this type of QSE practically never shows
up when the bulk collisions present the dominant scattering
channel (see the discussion in Ref. 14b).

IV. CONCLUSIONS

In summary, we analyzed interference between bulk and
surface scattering processes in resistivity of thin films in
QSE conditions. General results can sometimes be not very
transparent because of parameter clutter. The main parameters
that affect the interference are the pure bulk transport time,
the amplitude and the correlation radius of surface roughness,
the film thickness, and the ratio of the bulk transport and
collision times. In such a rich parameter space, the interference
contributions can not only assume significantly different values
but also even change their signs.

The uncertainty in some of the parameters, especially
the values of the bulk transport and collision times in QSE
conditions, makes comparison with experiment not easy.
We highlighted the structure of desired experiments in the
Introduction. There is currently one experimental group that
measures the thin film resistivity simultaneously with the STM
analysis of the surface (see Refs. 7,27,28,32,39 and references
therein) though the experiments are done for thicker films,
away from the QSE regime. Other groups8 have desirable
QSE capabilities when dealing with STM of inhomogeneous
buried interfaces but have not concentrated on measurements
of conductivity. To the best of our knowledge, none of the
experimental groups, with the exception of, maybe, Ref. 13,
observed clear signs of QSE in resistivity, which makes a
direct comparison of our results with experimental data in
metals currently impossible. One of the options here is to
average out the QSE gyrations and compare averaged data
to experiment. We tried to follow this route with respect

to the dependence of the resistivity on film thickness σ (L).
However, depending on the method of averaging of the same
curve, the results for the transport time exhibited the functional
dependence anywhere between L−2.3 when using the tops of
the peaks and L−0.6 when using the minima. Most of the
experimental curves, which also exhibit a large uncertainty
(see discussion and references in Ref. 35), fit within this range.
So far, the direct experimental confirmations of our quantum
transport theory have been provided by nonmetal quantum
systems.17,18

Our main emphasis was on revealing and following two dis-
tinct sources of such interference: the entanglement between
the surface and bulk interaction lines in the self-energy of
the single-particle Green’s functions and the mixing resulting
from the inversion of the collision operator in the generalized
response function. We labeled these two types of interference
in the paper as the intrinsic and mixing interference. The
intrinsic and mixing interference lead to different types of
behavior of non-Mathiessen’s terms in resistivity of thin films.
Earlier approaches included only the mixing interference (see
Refs. 21 and 26–28 and references therein) though some of
recent publications concentrated on intrinsic interference,36–38

without paying attention to the mixing one.
Generically, the mixing terms are larger than the intrinsic

ones in thicker films. However, there are several important
situations when the intrinsic interference clearly dominates.
First, this happens in ultrathin films. When the thickness
of the film L is such that the QSE reduces the spectrum
to a single miniband, L/a < 2π , the mixing interference
is completely suppressed and only gradually picks up with
increasing thickness. Second, since the intrinsic interference
is built of the bulk collision time τb while the mixing
one contains the bulk transport time τ b

tr , the intrinsic interfer-
ence can dominate when there is a considerable gap between
these two times. This can happen, for example, in pure films
at low temperatures when the bulk relaxation is due mainly to
the phonon scattering. In this case the bulk transport time can
exceed the collision one by a large factor (TD/T )2, resulting
in the dominant role of the intrinsic interference effects.

We tried to compare our results with other quantum
computations that explicitly include QSE.11,21,26,29 Most of
earlier publications did not pay sufficient attention to the inter-
ference effects. References 21a and 21b contain no explicit
equations for the interference terms that can be compared
with our results. The authors of Ref. 11 were not interested
in the interference terms and considered bulk and roughness
scattering as two independent additive channels. Reference 26
also contains no explicit information about the interference
terms except for mentioning that these contributions seem
to be smaller than the pure wall or bulk terms. As our
results show, this is not always the case and the relative
interference contribution χ can be quite large. In addition,
Refs. 11,21, and 26 use the δ-type (white noise) approximation
for the surface roughness and, therefore, cannot describe
the large-scale roughness and the corresponding crossover
between different regimes.

In most of the parameter space, the contribution tends
to be negative (destructive) from the intrinsic interference
(thinner films) and positive (constructive) from the mixing one
(thicker films). This qualitatively agrees with the experimental
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observation in Refs. 7,32, and 39. The quantitative comparison
is currently impossible since there are no yet-confirmed
observations of QSE in metals (see, e.g., Ref. 12), with
the exception of Ref. 13, even before the transition to the
ultraquantum regime with a complete destruction of the

quasiclassical Fermi surface.40 In the Introduction we briefly
discussed what kind of experiments could provide quantitative
verification of our theory beyond the already-existing checks
in experiments with quantized ultracold neutrons in rough
waveguides17 and 3He films.18
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